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Abstract

Tie dynamics of nog dark solitary waves propagating im saturable sel-

defocusing media 5 sredied numerically. The resulis show that the satusa-

tion lzads to & reduction of the ring’s iransverse velowly wheo compared 10
i in Kerr media At high saturation levels, however, in a fonmal contra-
jction but in actual agreement to the one-dimensional case, 4 SLIODE

snake-1ype instability and creation of optical vortices of alternate topolog

cal charges are Lo be expecied.

1. Intredoction

Diark spatial solitons (DSSs) propagating in vadous sell-
defocusing nonlinear optical materials are subject of intense
research in last years [1]. These formations could be charac-
terized as low intensity dips on a wniform background field
which do not diffract under propagation and pessess a spe-
cific phase distribution [2]. The existence of the dark soli-
tons was first predicted by solving the ponlinear
Schrisdinger equation for a medium of a negative seli-
defocusing Kerr nonlinearity accounting for the linear
effects in one transverse dimension (1D case) [3]. In two
transverse dimensions (2D case) such self-supported dark
beams were observed experimentally as stripes and grids

1. The properties of these solitons are similar to the

perties of the 1D DSS8s. The optical vortex solitons
(OVS) are the only “black™ spatial solitons of circular sym-
metry in the 2D space [5, 6]. Characteristic for them is the
on-axis screw phase dislocztion (belical phase ramp) ensur-
ing zero intensity at the vortex centre, It was shown that the
dark soliton stripes are unstable to long-period transverse
perturbations [7-10]. When initiated, the instability leads to
decay of the dark stripe into multiple pairs of OVSs with
alternating topological charges (TCs). This effect is known
as soake imstability and has been observed in nonlinear
media possessing Kerr-type response [10], saturation [11,
12] or photorefractive type of nonlinearity [13, 14].

In bulk nonlinear media another type of solitary waves
has also attracted attention — the ring dark solitary waves
(RDSWs) [15]. Formally, they can be considered as soliton
stripes bent to form a ring This type of waves has been
studied for the case of Kerr-type nonlinear medium. Unfor-
tunately, it was shown that both the ring radivs and the

* E-mail: eugsnia@ phys.uni-sofiabg
+ Permenent address: Sofin University, Depariment of Physics, 5 J. Bour-
chier Hlvd., Sofia 1164, Bulgeria.

soliton contrast vary along the propagation axis [15, 1€],
thus affecting negatively the guiding properties of these for-
mAatinns,

In view of the potential applications the guiding proper-
ties of the 1D88s are of significant interest [1]. RDSWs have
heen proposed for guiding multiple signal beams, thus
forming a parallel optical transmission line [17]. Such a
device, however, would reguire stabilization of both the ring
radius and the solilon contrast. One possible solution of the
problem is to modulate suitably the phase of the back-
ground heam bearing the RDSW as suggested in [18]. In
this paper we investigale the possibility to suppress the
RDSW transverse dynamics by saturating the nonlinearity.
The required tvpe of response is observed in alkali metal
vapours near a resomance [11] and in photovoltzic and
photorefractive crystals [19-21]. For the latter case,
however, the model of ponlinearity is more complicated
when two transverse dimensions are accounted for [217] and
requires a separate consideration lying beyond the scope of
the present analysis,

2. Theoretical model

The optical field E was assumed to be slowly-varying and
linearly polarized. In a scalar-field paraxial approximation
the propagation of a RDSW in a non-linear saturable
medium is described by the generalized nonlinear Schréd-
inger equation (GINSE} [22]:
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where u = E/,/T, is the dimensionless envelope of the elec-
tric field, I, - the maximum background inleosily, a =
I/, — the sawration parameter, and [, staods for the
saturation intensity. The maximal nonlinear contnbution to
the refractive index has the form Am = n_a/l + a) with
n, = An{l., — 2c). In the case of defocusing nonlinearity
n, <= (. Thiz form of the nonlinear refractive index change
corresponds (at p = 1) to the more general expression An =
no[l =141 4 aff] used by Kivshar and Alanasev [23].
The longtudinal scale is introduced by the characteristic
noolinear propagation distance

L, =ngll +a)i—kn,a)= —nyik An), (2)

where k is the wave-number inside the medium and ny is the
linear refractive index. L. 15 aoalogous 1o the nonhinear
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Fig. 1. Plots of the ball width ry of the dark ring-shaped wave (2) and of
the power b of the medel tanh function (b) vs. saturation parameter [guasi-
stationary solution)

length appeanng when normalizing the NSE at Kerr noo-
linearity. We scaled the transverse coordinates to

% = [Agll + a)ii—k*n g a)]'2 i3)

In the above notatioms eq. (1) descnibes ponlinear beam
evolution alomg a “pure” Kerr-type ponlinear medium
(NLM} as a—0. At high saturation levels (g% 1)
L,. — ng/(kn_). The normalization introduced by eq. (2) pro-
vides a naturzl way to compare the propapation distances in
these two physically different noolinear regimes. At all
values of the saturation parameter at z = I, the maximum
nonlinear phase shift at the dark beam wings is —1. The
transverse sczle introduced 1s similar o the scale used by
Valley et al. in [19]. We solved eq. {1) numerically by the
split-step Fourier method [24] using a mesh of 512 x 512
grid points. The evolution of the RDSWs was studied up to
100L,,.. At the entrance of the NLM (z = 0) the field dis-
tribution was described by:

u = Blr}V(r — R,) exp (i@, (4}
where

B{r) = exp {—{r/40)""}, (5}
r=(x* 4 ) 2, (6)
Fir — Ry} = | 1anh {r — Ry) b, (M

x aod y being the Cartesian coordinates, and R, — the ning
radius. The initial phase distribution @ contains a pair of
phase jumps of = in each diametrical cross-section, thus
ensuring odd initial conditions for generation of an imitally
“black”™ ring-shaped dark beam. The values of r, (the ring
width) and b were determined by analysing the guasi-
stationary solution (fu/dz = () of the GNSE lor the 1D case
at each particular value of the saturation parameter. These
solutions were found numerically by using the Runge-Kutta
method and were further aproaximated with a function of the
form

{tanh {x/r )" {8)
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The dependencies of ry and b on the saturation parameter a
are shown in Fig. 1. We found that values of b other than 1
give a good approximation of the amplitude profile found
numerically. Physically this means that at higher saturation
levels the wings of the quasi-stauonary 1D solution become
fatter. 1o the limiting case o — = no dark solitary-wave for-
maton could be expecied since the transverse varations of
the refractive index disappear. MNote, that ry is expressed in
umits @ven by eqg. (3), Le. the transverse scale depends on the
saturaton parameter. The width of the exact solution
ioereasss with increasing the saturation and both ry and b
tend to unity when a — 0 as expected for Kerr type nonlin-
carity, When the dependence of the scaling lengths on the
saturativn parameter is removed and b is set 1o unity the
dependence ryia)l shows the bistability reporied in [20, 25].

3. Evolution of the RDSW parameters at different saturation
levels

At low saturation (@ = 2 or less) the dark ring radivs R, and
width ry are always found to increase as the RDSW propa-
gates along the medium, This results in deerease of the con-
trast. At cenain distance (- = 30L,, for @ = 2} the dark wave
disappears. We found that, similar to the Kerr case [15], the
higher the initial ring radius R, the lower the transverse
ring velocity, This tendency 15 shown in Fig. 2 for @ = 2 and
should be artributed 10 the drift instability of dark solitons
[22, 23, 28] leading to transformation ef the perturbed
black solitons into grey ones. At the low saturation con-
sidered we do not observe a decay of the RDSW into a
chain of optical vortices. In our view this behaviour is due
to the nonzero and stll saturation-unaffected RDSW trans-
verse velocity. The initially “black™ dark ring being expand-
ing, gets more “grey” and more stable (see Ch. 7.5 in Rel.
[17) This regime of propagation, however, is not the proper
one for guiding of optical signals within the dark ring-
shaped beam because of the high transverse velocities of the
RD5W.

Higher saturation levels were found to lead to a reduction
of the dark ring transverse velocity as shown in Fig. 3. The
contrast of the RDSWs remains relatively high and the
same holds for their transwerse instability semsitivity. The
last statement does not contradict te the general tendency
that higher saturation doss effectively suppress the DSS
transverse instability [1, 12]. As shown ino [11, 23] in the
regime of strong saturation a “black™ 1D DSS transforms
into a moving “grey” soliton of lower intensity, In this case
the drift instability dominates the transverse instability, In
contrast, the saturation of the ponlivearity results in a
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Fig. I. Nermalzed tramsverse velogty d[R/Rgiz = 0]/d(z/L,,) of the
RDSW al g low saturation o = 2 and different values of the instial ring
radius Rz = 0}
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Fig. . Normalized transverse velocity d[R/Rgiz = 0)]sdiz/L,) of the
RDSW at =g initial fng rading Rylz =0) = 10 for different saturation
levels.

decrease in the RDSW transverse velocity and it's influence
an ithe RDSW transverse modulational stability reverses. In
the following we provide some evidence supporting these
conclusions.
In a nonsaturated Kerr mediom significant evolution of
the ring radius occurs at propagation distances well hellow
0L, [15, 16]. Similar to the previcus case, in presence of
oderate and high saturation (a > 4) the transverse velocity
of the RDSW does depend on the initial ring radius Rylz =
0} This tendency is clearly expressed in Fig. 4, but @t
becomes  significant at  higher propagation  distances
(z/L,. = 1), It could be inferred from Fig. 3 and Fig. 4 that
higher saturation levels and larger initial ring radii Rylz =
0) result in a stabilization of the ring radius and contrast
and, therefore, the RDSW guiding properties should be
better preserved. Qur further analysis showed, however, that
at saturation levels of a = 4 or more the RDSW evelution
becomes crucizlly dependent om the initial ring radias
Rylz = 0). At these levels there exists & critical value B of
the imitial ring radius. At Ryfz =0) < R, the ring radius
increases along the propagation path in the nonlinear
medium and the soliton contrast decreases accordingly (drift
instability; [22, 237). At Ry > R_ the ring initially expands
slightly and the typical snake-type instability develops. At
higher initial ring radii the creation of pairs of eptical vortex
olitons  (OVSs) of altermating topological charges was
early expressed, Such behaviour seems to he analegous to
the instability of the dark soliton stripes against long-period
trapsverse perturbations. Qualitatively, the ring symmetry
remains always preserved. The dependence of the critical
dark ring radius R, on the saturation parameter a is shown
in Fig. 5. Since R, increases with decreasing saturation a, it
should be expected that the critical radius for observation of
snake instability in Kerr case is relatively large. This could
be the reason for the fact that such kind of instabilities have
been observed experimentally in presence of saturation only
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Fig. 4. The same as m Fig. 2 a1 moderate saturation @ = 25 and different
values of the mitial ring radies Rgiz = 0L
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Fig. 5. Dependence of the eritical radius R {or appearance of 4 snake-type
s Labdlity vi setaration parameier.

[12, 14]. The existence of a critical value of the initial ring
radius could be explained in the following way. At Ry < R,
the drifl instability of dark solitons [22, 23] dominates
leading to a decrease of the soliton contrast. Since the
“gray” solitons exhibit higher stability to transverse pertur-
bations [%], snake-tvpe iostability and creation of OVS
pairs should not be expected. The ring evolution is & result
[rem the transverse spatial drift mainly,

At R, = R_, the contrast of the dark ring remains rela-
tively high and two mechanisms of dark soliton instability
should be accounted for - the drift instability and the insia-
bility of a (bent) dark stripe against transverse perturbations
[9]. For the case of Kerr-type nonlinearity the number of
OVS pairs created could be associated with the peried T, of
the iransverse perturbation which causes instability of a
dark soliton stripe [8, 137. It was shown that the evolution
of a dark siripe in the presence of transverse perturbations
depends oo the perturbation type [B]. Law and Swartzlan-
der reported that filtering of the soliton field through a long-
period grating results in subsequent creation OVS pairs at
different propagation path lengths. As could be seen in Fig.
6 similar subsequent creation of OVS pairs under RDSW
propagation in a saturable medium takes place. We clearly
observed also interaction in- and between the OVS-pairs by
compariog their spatial positions at different propagation
path-lengths. Considering the initial dark ring as a bent
stipe, obviously the initial dark formaticn is a subject of
non-pegligible perturbations. Figure § shows the evolution
of a RDSW at a =25 and Ro= 15, >R, up to z =
1D0L,,. The phase distribution of the optical field suggests
an azimuthal phase change of 2n in the vicinity of the dark
spots which is the characteristic of OVSs. Note, that for two
adjacent spots the phase change has opposite gradients.
Similar behaviour was observed at a moderate saturation of
a (g = 10), Each 90-degree pie-part of the dark ring was
found to decay in the same manner under the instability
independent on the particular number of the vortices gener-
ated. At very high saturation levels (a = 200) the snake-type
instability was always present, but at distances between the
adjacent vortices of the order of the vortex radius. This
behaviour is demenstrated in Fig. 7. The phase distribution
of the optical field, however, is indicative for the creation of
such pairs of optical vortices. The small distance hetween
the centers of optical vortices could be associated with the
increased stability of a DSS agsinst transverse perturbation
at strong saturation regime [127

The waveguiding properties of the DSS are well known
[1]. This suggest the idea that the splitting of the initial
RDSW during its propagation io saturable sell-defocusing
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Fig. 6. Gray-scale image of the intensity (a—¢) and phase {{) distnibution
of optical field at g =25, Ry = 15and z=0(a, f), z =40 (b, g). z =60 (c,
b}, z =80 (d, i}, z = 100 (e, j). Black poinis in the phase portraits corre-
spond to a phase of —x, white points - to = Only 2.8% of the total com-
putational window are presented.

media could be used for branching of optical signals guided
by the ring dark wave into discrete number of channels
formed by the OVSs created. In view of the above results
jhe most proper range of operation for such a brancher are
the values of the saturation parameter a between 5 and 25.
For lower values of 4 it would be difficult to force the initial
dark wave to split. For higher saturations the width of the
initial dark ring would be too large thus suggesting a multi-
mode waveguiding at the initial evolution stage (undesired
for photonic applications). Having in mind that only part of
the ring is needed to form OVSs it could be suggested that a
bent stripe of a proper curvature could be used to form the
desired number of optical vortices. Since R, is relatively
large for moderate saturation parameters it could be

Fig. 7. Pie-parts of the gray-scale encoded images of the intensity (a) and
phase (b} distribution of the optical field at g = 200. R, = 10, and = = 80.
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expected that a stripe of relatively short length and large
curvature could be used in order to create OVSs and there-
fore a photonic splitter. This spliting mechanism could be
used for writing a photonic brancher in photovoltaic crys-
tals despite of the anisotopy of optical nonlincarity. The
behaviour of optical vertices in such crystals, however, is
rather complicated [27] and the above idea requires further
exlensive studies.

Qur results show that for saturation parameters g ranging
from 5 to 25 the propagation distances at which the optical
vortices are well separated, are of the order of z = 80L,, or
less. The required maximal nonlinear contribution to the
refractive index could be estimated by using eq. (2) |An| =
80n,/(kz). This suggests that for z = 2mm the required non-
linear contribution is An = 7 x 1072 at an optical wave-
length of 2= 0.5um and n, = 2.2 (LiIWbQ;). Such a value
of the nonlinear refractive index is accessible experimentally
in the presence of the saturation of the nonlinearity,

4, Conclusion

The dynamics of the ring dark solitary waves in saturable
nonlinear optical media was studied numerically in order to
estimate the possibility to suppress their transverse
dynamics by saturating the optical nonlinearity. As a result
of the development of a snake-type instability at some satu-
ration levels we observed splitting of the initial dark ring
into chains of OVSs with alternating topological charges. A
proper range of the saturation parameters is suggested for
forming a photonic brancher in this regime.
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