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Abstract. This paper presents arguments for the existence
and dynamics of one-dimensional odd dark beams of fi-
nite length in bulk Kerr nonlinear media. Their characteristic
mixed edge–screw phase dislocations force them to steer in
space. The modulational stability of these dark beams and one
possible interaction scheme are discussed.

PACS: 42.65; 42.65.Tg; 42.65.Sf

Optical wavefronts can contain dislocations along which
the phase is indeterminate and the field amplitude is zero.
This concept, introduced in the wave theory by Nye and
Berry [1], has allowed clarification of the structure and prop-
erties of edge, screw, and mixed edge–screw dislocations.
In self-defocusing nonlinear media (or under self-focusing
conditions and normal group-velocity dispersion) dark one-
dimensional (1D) temporal [2–4], spatial [5, 6] and 2D spatial
optical vortex solitons (OVSs) are generated [7–9]. Charac-
teristic of their phase portraits are the transverse (in time or
space) 1Dπ-phase jumps and the on-axis 2π helical phase
ramps yieldingπ-phase jumps in each diametrical cross-
section of the OVSs, respectively. The only indication of
the existence of mixed edge–screw optical dislocations was
found [10] at two interacting vortices of opposite topological
charges. Instead of annihilation, a curved zero-intensity line
was born in the far-field, crossing the background beam.
An extended overview of the physics and potential applica-
tions of dark solitons was recently published by Kivshar and
Luther-Davies [11].

Inspired by the recent experimental results on the forma-
tion of mixed edge–screw phase dislocations [12], we report
here extended numerical simulations on the formation and
dynamics of one-dimensional odd dark beams (1D ODBs) of
finite length in bulk Kerr nonlinear media. The phase por-
traits of such solitary waves consist of pairs of opposite semi-
helices with a phase difference ofπ. The spatial offset of the
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semi-helices determines the finite length of the dark stripe.
In the direction perpendicular to a line connecting the semi-
helices this ensures aπ-phase jump (i.e. the odd initial con-
ditions desired). The soliton-like nature of the formation is
proved by analyzing the reproducibility of the 1D amplitude
and phase distributions across the background beam, which
is of finite extent, and by the existence of a constant identi-
cal to the soliton constant in the pure 1D case. An inherent
feature of the 1D ODBs of finite extent resulting from their
phase profiles is their steering, which produces a ‘gray’ final
evolution state. Unfortunately the odd dark beams analyzed
could not be classified as solitons in the sense of Zabusky and
Kruskal [13], since they do not survive after collision with
a second ODB of the same length which steers in the opposite
direction. In this case the simulations carried out revealed the
creation of ring dark solitary waves [14–16]. Along with the
data on the stability of the 1D ODBs of finite length we show
that multiples of them could be simultaneously incorporated
and controllably steered on a common background beam. The
latter seems attractive for future parallel all-optical switching
applications.

1 Initial conditions and numerical procedure

Generally, the (2+1)-dimensional evolution of an optical
beam in a bulk homogeneous and isotropic nonlinear medium
(NLM) is described by the nonlinear Schrödinger equation
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For convenience, we used the transverse coordinates normal-
ized to the initial dark-beam widths(ζ = x/a, η= y/b). The
nonlinear propagation path lengthz is expressed in Rayleigh
diffraction lengthsLDiff = ka2. The coordinate system itself
was located in the center of the dark formation at the entrance
of the NLM. In (1),LNL = (k|n2|I0)

−1 is the nonlinear length,
wherek andn2 stand for the wavenumber inside the NLM and
the nonlinear index of refraction, respectively. In one trans-
verse dimension(b→∞) for a certain balance intensityI0
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one hasLDiff = LNL. The conservation of the productI0a2

(the so-called soliton constant) is one of the criteria for iden-
tifying dark-soliton formation [5]. In the 2D case the back-
ground intensity required to achieve an OVS is

√
2 times as

high [7, 18]. In the closest possible similarity to the pure 1D
case, the slowly varying electric-field amplitude of the odd
dark beam of finite length was chosen tanh-shaped

E(x, y)=√I0B
(
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)
× tanh

[
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]
exp
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iΦα,β(x, y)

}
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whererα,β(x, y)=√x2+α(y+βb)2 is the effective Carte-
sian/radial coordinate

α=


0 for |y| ≤ b ,
1 and β =−1 for y> b ,
1 and β = 1 for y≤−b . (3)

The phase distribution containing two offset phase ramps of
opposite helicities separated by a phase step was modeled by

Φα,β(x, y)=−β arctan

(
αx

y+bβ

)
+ (1−α) sgn(x)(π/2) .

(4)

In Fig. 1 we present a 2D gray-scale image of the initial in-
tensity distribution of the dark beam considered (a) and a 3D-
plot of its phase portrait (b). In order to avoid any influence

Fig. 1a,b. Qualitative intensity (a) and phase distribution (b) of the black
stripe of finite length at the entrance of the nonlinear medium. The mixed
edge–screwπ-phase dislocation can be clearly seen

of the finite background beam [17] of a super-Gaussian form

factor B(r)= exp
{
−
(√

x2+ y2/w2
)14
}

, its width was cho-

sen to exceed at least15 timesthe width of the dark stripe
along thex axis.

Equation (1) was solved numerically by the split-step
Fourier method over a1024×1024 grid.

2 Results and discussion

2.1 Soliton nature of the formation

The asymmetry in the phase distribution (see Fig. 1b) is in-
dicative of the differences in the evolution of the dark stripe
along the transverse axes (Figs. 2–4). Although the exact one-
dimensionalπ-phase jump implies a zero transverse velocity
for an infinitely extended 1D DSS, the mixed phase disloca-
tion causes the dark beam to steer toward the region with an
initially lower phase (Fig. 2). The arrows denote three char-
acteristic stages of evolution of the dark beam’s central slice
(at y= 0). The quantityI0a2 was chosen equal to

√
2 , which

corresponds (atb= a and a single on-axis 2π screw disloca-
tion) to the OVS constant [7, 19]. In our case(b/a= 2.75) the
background beam intensity was found to be overdosed, i.e.
higher than suggested by the quantityI0a2. Initially, a gray
dispersive wave is emitted parallel to the edge dislocation on
the higher-phase region (Fig. 3a), which results in a weak ef-
fective broadening (see Fig. 2) of the central part of the stripe.
After the emission of a second dispersive wave in the opposite
direction the widtha of the dark stripe stabilizes and remains
constant (Fig. 3c). (This second dispersive wave cannot be
seen very clearly on Fig. 3b because of its low modulation
depth.) The nonlinear propagation distance in this simula-
tion was limited to 5LNL in order to get better accuracy. The
mixed phase dislocation remained stable (Fig. 3c, lower row).
Note that in the gray-scale phase images white and black de-
note phases of−π/2 andπ/2, respectively.

Since a pair of opposite phase jumps onπ are present
in the dark-stripe slice atx = 0, the combined action of the

Fig. 2. Evolution of the dark beam perpendicular to the edge dislocation up
to z= 5LNL at b/a= 2.75. The two outer contourscorrespond to the 1/e
intensity level of the background beam. Thearrows indicate three charac-
teristic evolution stages (see Fig. 3 and the text)
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a b c

Fig. 3. Gray-scale images of the intensity (upper row) and phase (lower
row) at the propagation pathlengths denoted in Fig. 2 (I0a2 = 1.4,
b/a= 2.75)

slight attraction between the semi-helices, the beam steering,
and the weak dark-beam diffraction along they axis (due
to the strongly offset tanh-shaped dark-beam wings) leads to
a monotonic increase in the stripe length (Fig. 4) at the ex-
pense of a shortening of the edge dislocation. The later was
found to depend on the ratiob/a.

It is known [1, 11, 20, 21] that pairs of optical vortices of
opposite topological charges translate and may collide and
annihilate. In a comparative simulation we generated two
OVSs of radiia and opposite topological charges (TCs) with
a spatial offset of∆= b= 2.75a. In this case the semi-helices
have the same spatial positions as the screw dislocations of
the OVSs and the latter attracted considerably. We found that,
besides the linearity vs. propagation pathlength distance, the
steering velocity of the dark stripe with mixed phase disloca-
tion is 2(±0.1) as high as that of the OVS-pair.

For b/a≤ 1.8 the optical vortices collide and annihilate,
whereas the stripe with mixed-type phase dislocation steers
and remains topologically stable. Perpendicular to the edge
dislocation (aty= 0) theπ-phase step (Fig. 5, curve b) re-
mains unchanged (curve c) and centered on the intensity

Fig. 4. Evolution of the dark beam along the edge dislocation (atx = 0)
up to z= 5LNL at b/a= 2.75. The outer contourscorrespond to the 1/e
intensity level of the background beam
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Fig. 5. One-dimensional intensity (solid curves) and phase (dashed curves)
profiles of the 1D odd dark beam of finite length aty= 0 (right pair) and
z= 5LNL (left pair)

minimum (curve d on Fig. 5,z= 5LNL). The latter reaches
the zero-intensity level. The quantityI0a2= 1 at I0 =

√
2 re-

mains conserved as a consequence of the 21/4-fold narrowing
of the stripe. Due to the non-negligible 2D intensity redistri-
bution caused by the beam steering, the accuracy of the above
estimates is within2.5%. At I0= 2.5 a diverging gray arc
of decreasing contrast is radiated, steering at approximately
twice the transverse velocity of the beam with the mixed
phase dislocation. In contrast, the 1D ODSSs with pure edge
dislocation emit symmetric pairs of diverging gray DSSs.
At a background intensity equal to that required to achieve
a fundamental 1D ODSS of the same width, the width itself
remains constant. The results mentioned above do not allow
us to classify the formation as 1D dark spatial soliton of finite
length. The steering process tends to reshape the wing of the
dark beam along they axis and the length changes slightly.
In a series of additional simulations we proved that the col-
lision of two 1D ODBs of finite and equal lengths steering
in opposite directions results in annihilation of the TCs and
in creation of ring dark solitary waves [14–16]. For this rea-
son we adopt the classification ‘1D odd dark beam of finite
length’.

Because of the spatial steering and the interaction between
the semi-helices, however, the final evolution stage of the for-
mation should be expected to be a ‘gray’ one. A decrease
of the contrast by up to90% of the initial one was observed
at b/a= 1.6 andz= 7.5LNL. Therefore, the lengthb of the
dark stripe appears to be an important characteristic of the
formation. The emission of dispersive waves in the initial
stage of the soliton formation and the 2D intensity redistri-
bution on the background may initiate modulational instabil-
ity and destroy the formation. For a finite dark stripe with
mixed phase dislocation initially that was much longer than
it was wide (b/a= 11) we observed that it decayed (Fig. 6a,
z= 5LNL) into a chain of optical vortices with alternating
TCs. This instability scenario known for the plane dark soli-
tons [22] is confirmed experimentally in both isotropic [23]
and anisotropic [24, 25] nonlinear media. The characteristic
initial slight beam expansion (Fig. 2a), bending (Fig. 3a), and
emission of dispersive waves are still present atb/a= 2.75,
but the perturbation is not critical in respect of spatial fre-
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Fig. 6a–d.Final stage (a) of the development of snake-instability atI0a2 =
1.4 andb/a= 11 atz= 5LNL. At b/a= 4 the dark stripe bends (b – at z=
2LNL) and the instability results in a pair of interacting OVSs of opposite
TCs (c – z= 5LNL). d – generation of a ring dark solitary wave atb= 0
andΦ = const.

quency. The ratiob/a= 4 was found to be larger than the crit-
ical one and stripe bending (Fig. 6b,z= 2.5LNL) and decay in
a pair of OVSs of opposite TCs (Fig. 6c,z= 5LNL) were ob-
served. Formally, assigning a TC of±1/2 to the semi-helices,
the total TC remains conserved. In the limiting caseb= 0 and
Φ = const under the same model conditions we observed the
formation of a ring dark solitary wave [14] with its typical
phase portrait [15], nonzero transverse velocity, and reducing
contrast [14, 16] along the propagation axis (Fig. 6d).

2.2 Interaction between 1D odd dark beams of finite length

Although the ability of 1D ODSSs and OVSs to induce wave-
guides for signal waves has been confirmed experimentally
(see, for example, [7]) and the same should hold for 1D
ODBs of finite length, we will not discuss the applicability
of particular short-distance all-optical switching schemes [9,
26, 27]. The dark beams described in this work can be aligned
on a ‘dashed’ line (Fig. 7a, initial offset∆y= 2b). If the two
edge dislocations have the same orientation, the neighboring
semi-helices appear with opposite TCs. The latter can give
rise to attraction (Fig. 7b) and the neighboring vortices can
annihilate (Fig. 7c,z= 7LNL). By increasing the offset (∆y=
3b) the interaction can be effectively suppressed. Varying the
mutual orientation of the edge dislocations only should make

a             b c

Fig. 7a–c. Side-by-side disposition of two 1D ODBs at∆y= 2b (a, b –
intensity and phase distributions, respectively;c – side attraction causing
annihilation of the neighboring semi-vortices washing out the edge dislo-
cations). Stabilization (up to at least 7.5LNL) is found at∆y= 3b (see
Fig. 8b)

a    b           c

Fig. 8a–c.Controllable steering and interaction in a pair of 1D ODBs of fi-
nite length at∆y= 3b andz= 0 (a) and 7LNL (b, c). The steering direction
is controlled by changing the edge dislocations from identical phase jumps
(b) to opposite (c) ones. Thedashed linedenotes the initial common axis

it possible to steer the two dark beams (Fig. 8a,z= 7LNL) in
the same (Fig. 8b) or in opposite directions (Fig. 8c). When
the neighboring edge dislocations carry the same ‘charges’,
the steering angle is considerably larger (Fig. 8c). In view of
the repulsive interaction between OVSs of equal TCs leading
to their rotation, this could be intuitively understood by the
enhanced bending of the phase lines in between. In the initial
stage of the nonlinear evolution the neighboring semi-helices
of equal charges of 1/2 rotate slightly, giving rise to the dark
beam steering in opposite directions. The slightly larger steer-
ing of the neighboring ends of the beams as compared with
that of the outer ones supports such an interaction scenario.
If an OVS is formed instead of one of the 1D ODBs con-
sidered, this could preserve (at a large enough spatial offset)
its spatial position on the background. So, the switching be-
tween different initial phase profiles will enable the steering
of the 1D ODBs of finite length to be controlled. Eventually,
this could allow deflection of guided streams of optical in-
formation in space. The mixed edge–screw phase dislocations
needed could be obtained by means of, for instance, electri-
cally controllable, multiple active, computer-generated holo-
grams [28]. By applying a single voltage this device could
generate any wavefront out of a set of desired uncorrelated
optical wavefronts [28].

3 Conclusion

In view of the above results it is worth noting that the ana-
lyzed one-dimensional odd dark beams of finite length have
many features in common with OVSs and 1D ODSSs. The
characteristic mixed edge–screw phase dislocation, however,
forces them to steer in space and influences the interaction
between such formations. Despite some of the criteria [5]
for identifying a dark (asymptotically gray) spatial soliton
are satisfied, we can not classify these beams as solitons in
the usual sense [13]. In a previous experiment [12] we ob-
served the creation of such mixed phase dislocations as a re-
sult of the modulational instability of crossed dark soliton
stripes at moderate saturation of the nonlinearity. It is also
important to study both analytically and experimentally the
modulational stability of 1D ODBs of finite length, starting
from controllable initial conditions (for example by reproduc-
ing computer-generated holograms), and evaluate the guiding
quality of signal beams/pulses. Experimental studies on these
problems are currently under preparation.
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