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Light Bullets Formation in a Bulk Media

A. B. Blagocva, S. G. Dinev. A. A. Dreischuh. and A. Naidenov

Abstraci—The conditions for the formation of *‘light bullet™
pulse, propagating with nearly constant spatial and temporal
parameters in a bulk nonlincar medium, are obtained for the
first time. A pump and probe pulse configuration is cmployed
using an induced phase modulation. An analytical balance con-
dition is obtained for the spatial and temporal soliton-like for-
mation.

I. INTRODUCTION

HEN pump and probe pulses copropagate in a non-

linear medium. the refractive index on the probe
wavelength can be changed by the powerful pump beam.
The phase of the probe beam undergoes spatial and tem-
poral modulation, which alters its temporal and spectral
characteristics. The process is known as induced phase
modulation (IPM) and is studicd intensively in respect to
pulse tailoring [1]-]5]. Quite recently. the focusing cffect
of the IPM on a probe beam [6]. focusing in an off-axis
geometry in a planar waveguide and defocusing medium
[7] as well as induced waveguiding (IW) and in a bulk
media |8]. have been considered. The self-induced etfect
of phase modulation (SPM) has lead to the recently pro-
posed ““light bullets™ pulses that propagate without
changing their temporal and spatial profiles [9]. However,
due to the inherent instability of the sclf-focusing cffect
in a three-dimensional medium, these self-trapped light
formations are considered to be realizable in a single
space-axis structure. i.e.. planar waveguide.

In this paper we analyze what we belicve to be the first
model of light bullets in a bulk medium. The IPM effect
provides a well controllable spatial and temporal trapping
of the probe pulse. We derive analytical expressions for
the critical parameters of the system. incorporating input
power, pulse duration. pump and probe beam radii, me-
dium parameters. etc. The system parameters analyzed are
rather general and include varying pump and probe pulse
durations and delay. The constant parameters of the light
formation are shown to be limited by the walk-off efiect.

I. Tueorericar Mobir,
The mathematical description of the IPM-induced spa-
tial and temporal soliton is made under the following as-
sumptions:
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i) negligible self-phase modulation:

i)y pump and probe pulse approximation (I, << 1,).
i.c.. the phase modulation induced by the signal on the
punmp is ncgligible:

i) low cfliciency of the accompanying parametric pro-
cesses. i.c.. the pump depletion is small:

iv) the time response of the medium is fast compared
to the pulse duration.

The time dependent paraxial wave equation in the pres-
ence of group velocity dispersion (GVD) is [10]
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where oy = (—1/2) [N/Qme?)] (071/3N 15y, Is the
GVD cocflicient. K™M(n) = 37 Nx N /INs6 (N] |
is the nonlinear coefficient for IPM at the signal wave-
length Ng. N is the density of the medium. o = 1/(2ks)
and k¢ are the wave vector of the probe pulse. The A\s and
\p pair is near a two-photon resonance on the high-fre- |
quency side of the atomic transition. Therefore, the sign
of the nonlinear coefficient k'™ (\g) is positive. thus in-

ducing a focusing effect on the probe beam. Due to the |
resonant structure of the nonlinear medium considered '
(inert gas). the nonlinear cffects of the pump pulsc itsclf

can be neglected when Ny is far from single- and two-

photon resonances.

The coordinate system is fixed to the probe pulse.
Equation (1) is solved using the variational method [11].
reducing it to a system of coupled ordinary differential
equations for the respective variational parameters. The
analyvtical representation of the results is the main advan-
tage of this method. A convenient choice of the trial func-
tions is the commonly used Gaussian form both in time
and space.
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with initial conditions bg(x = 0) = 0. 75 p(x = 0) =
Ts.py s p(x = 0) = 1 and pg p(x = 0) = 0. In (2) A
and Ap are the respective complex slowly varying ampli-
tudes of the probe and pump pulses, 7¢ and 7,, are the half-
pulse duration at [ /e level, bg(x) is the induced chirp-
rate, 7, is the eventual initial delay between the pulses.
Vsp = |1l[~,'5' - v[;,',| is the group velocity mismatch, wg
and wp are the normalized radii, g and «p are the physical
radii at 1 /e level. Finally, pg and pp are functions of the
inverse radii of curvature of the respective wavetronts,
We can see that the system parameters are rather general
and within reasonable physical limits there are no restric-
tions on the initial pulse duration and synchronization as
well as on the wavelength pairs. As discussed clsewhere
[8]. the pump beam radius should be kept equal to or
larger than the probe one.,

It can be shown that (1) is an Euler- Lagrange equation
for the Lagrangian:
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The parameters of interest 7¢(x) and w(x) are cx-
pressed through a set of ordinary diffcrential equations
obtained via the variational mcthod from (1), (2a) and

(2b):
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This form of the equations is particularly convenient.
Owing to the energy conservation law in the form
[Ap|* Tpapwp = const, (4) and (5) can be integrated once
and can be reduced to cquations, characteristic for a par-
ticle in a potential well [12], |13]:
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A. Description of the IW and IF by the Potential Well
Model

In the case of IF v =
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It is useful to introduce the notations
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The parameter Lg in (7). (8) has the physical meaning
of the Rayleigh diffraction length of the probe beam. The
counteraction between the diffraction spreading of the
beam and the induced nonlincarity modifies the parame-

ters of the potential well. depending on the ratio B/A.

By

synchronous pulses 7,y = 0 and in the absence ol group

velocity mismatch (rgp =

0). we can separate several

ranges of B/A parameter. corresponding to a specific be-

havior of the potential. similarly to Anderson [11] in
case of SPM:
1) Linear case (B = 0): ~
2) subcritical nonlinearity (=4+v2 < B/A < 0):
3) region of induced focusing (B/A < —44/2).

The condition B/A =

the

442 corresponds to a full

compensation of the two counteracting eftects. The signal

beam radius does not change alongside the mediu
Therefore, it is denoted as induced waveguiding.

m.

Certainly, this division to ranges is conditional since in
the course of their copropagation the pump and probe
pulses can go out ot synchronization. which gradually de-
forms the potential to a linear one. Fig. 1 shows the de-
velopment of the potential as a function of length in the
medium with subcritical nonlinecarity by 7, = 0. In the

beginning the normalized radius wg(z = 0) = 1, so

the

physical signal beam radius will start to oscillate within
the potential well formed. As the pulses propagate along-
side the medium. they are gradually desynchronized,

causing a deformation of the potential curve to a repuls

ive
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Fig. 1. Qualitative plot of the development of the potential 11 (wy) given
by (7) in the case of subcritical nontincarity (-4 V2 < B/A < .

one. In physical terms, the diffraction divergence will
dominate over the signal beam.

Fig. 2 plots the analytical dependence in the range of
overcritical nonlinearity. i.e.. IW and IF. Starting again
with a radius wg(z = 0) = I, we have an oscillation trend
within the radius values lower than or equal to the initial
value. In order to avoid optical breakdown, the pump and
signal power should be kept within reasonable limits. Un-
der the pump and probe beam approximation. the probe
pulse intensity can be chosen orders of magnitude below
the breakdown intensity. The desynchronization of pulses
at a certain distance develops a potential, corresponding
to a radius oscillation with an amplitude higher than the
initial vatue. Further on the potential continues to modify
into a repulsive one. In order to scparate these three char-
acteristic ranges. the length of the medium in Fig. 2 is
chosen twice higher than in the previous figure.

Let us introduce the dimensionless parameter y = dp (2
»= 0)/ag(z = 0) = 1| describing how much the pump ra-
dius is higher than the probe one. The critical power for
IF, with vy as a paramcter, by synchronous pulses with
equal durations, can be obtained from the condition for
potential curve degeneration into a point N (ws = 1) =
0:
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where N§ = Agitps is the wavelength of the probe pulse in
the medium. The second factor on the right-hand side is
the IF critical power for equal beam diameters (y = 1.
The first term takes into account pump heams larger than
probe one, which results in a decrease of grad {n (A}
over the probe bcam cross-section. The expression for

POTENTLAL

fig. 2. Qualitative plot of the development of the potential 11" {wy) given
by (7) in the region of induced focusing (B/A < —4V2).

P‘(?};” is in a good agreement with the numerical results
reported in [6}. [14].

B. Description of IPM by the Potential Well Model

In the case of IPM the variable v has a meaning of pulse
duration v = 74(x) and for synchronous pulses

dagk™ (Ng) ‘AP‘ZTP
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where €’ is an integration constant determined from the
initial conditions. For brevity and convenient normaliza-
tion we assume equal pump and probe pulses 75(X) =
rplx) = 7). 70 = 0) = 7y, and k(x) = 7(x)/7y. The
A. B. and the new € paramcters have the form

2a3
A="50
To
B = _4(151(IPM()\5) ‘API:T ap
V275 wplatw} + apop)'’
Cc=C/m (11a
and the potential function is transformed to
A B
™ = -5+~ ~ 1A+ B (11t

In this temporal analysis the following ranges can b
determined:
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Fig. 3. Evolution of the initial probe pulse (1) in the light bullet region 7.
= 0.2L (b)Y, in the case of complete desynchronization 1. = L, (¢) for
Ly, = Ly, and probe-pulse-shape at . = L, without an influence from the

pump (d)

) B/A > 0, ie.. ag/k"™ (N9 < 0. corresponding

oa nonlinearity, accelerating the dispersion spreading of

the probe pulse.

By B/A < 0 the sign of the ratio of the GVD coefli-
tent to the IPM nonlinear coceflicient changes to positive
g /K™ (A9 > 0). Physically. the nonlinear efiect in-
meases the trend to compensate for the  dispersion
toadening of the pulse.

) -1 < B/A < O (weak nonlincarity). ‘The induced
nnlinearity counteracts the dispersion spreading of the
mobe pulse, however, it is not strong enough to compen-
ate for it.

3) =2 < B/A — 1 (intermediate nonlinearity). Cor-
wsponds to a potential well forming and oscillating be-
Ywiior of the probe pulse duration until the pulses are de-
snchronized.

4) B/A < =2 (strong nonlincarity). A potential well
vformed for probe pulse duration not exceeding the inital
alue.

The B/A parameter, obtained from the condition for
kgeneration of the potential curve into point "M (x =
=0, is equivalent to the critical power. which should
texceeded to observe a soliton-like propagation of the
robe pulse.

\/ikgnf,()\.\)(‘ ()

piQL = e e LT (12)
drkgn M (N 7o " Y

CRIT

R . .
there k; = 2ag and S,y = wr3. Following the notation

in the previous Section HI-A. r¢ = asws. The comparison
of this expression with the result. given by Akhmanov et
al. [15], is good.

C. A Condition for ““Light Bullet'’ Formation

In the case of self-phase modulation it has been shown
191 that in the presence of dispersion, the spatial-temporal
shape of o pulse undergoes what could be considered as a
four-dimensional selt-focusing. The condition for light
bullet formation due to IPM can be derived from (9) and
(12) in the form

4

To = dsws 27TQ5 3 | . (13)
() At + )

This expression relates the probe pulse duration, the
physical radius of the signal agwg. the GVD parameter s,
the wavelength A, the refractive index of the probe beam
1, (Xg). and the ratio y between the pump and probe beam
radii.

Fig. 3(a)-(c) plots the temporal and spatial evolution
of the probe pulse copropagating with the pump pulse (7,
= 75). Forclarity of presentation we assume that the Ray-
feigh diffraction length Lg and the dispersion length L,
are equal and the walk-off distance is twice higher L, =
2Lg. Compared to the initial probe pulse [Fig. 3(a)], the
time/space dimensions are kept ncarly constant until the
pulse is synchronous with the pump pulse. Until the over-
lapping of the pulses is 80%. L = 0.2L; [Fig. 3(b)], the
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Fig. 4. Plot of the simultancous conditions for soliton like formation for
Ag = 207 nm and X, = 248 nm, P, being in the range (10 10" W),

temporal and spatial dimensions are only 10% increased.
The pump-induced formation in this part of the bulk me-
dium is called a ““light bullet.”” similarly to the planar
waveguide considered by Silberberg [9.] Tnour opinion,
it would be stabte both in the space and time since the
conditions for its propagation are controllied via the pump
beam parameters.

In the particular case, we consider a pulse duration of
the order of several hundreds of femtoscconds and the
main limitation is from the timc walk-off” distance Ly
When the pulses are fully desynchronized [ = Ly Fig.
3(c)], the pulse spreading in time and space is 70% over
the initial values at 1 /¢ level. The balance condition (16)
is fulfilled in Fig. 3(a)-(c). In order to compare the effect
of the pump, Fig. 3(d) plots the probe pulse at L = Ly
when the pump is off. The spreading in this case is 130%
compared to the initial pulse.

Evidently, the length of the efficient interaction in the
case considered is limited by the ultrashort pulse walk-
off. If the pump pulse is chosen with a much higher du-
ration (7p >> 75). the interaction length will be limited
by the pump diffraction divergence, i.e.. pump Rayleigh
length L. Since the parameter 4 can be chosen to be
greater than unity, the Rayleigh diffraction length of the
pump Lp can be increased to a reasonable value.

As an illustration, we consider a Xel gas as a nonlinear
medium, signal wavelength A\¢ = 207 nm and pump
wavelength Ap = 248 nm, closc to two-photon resonance,
Fig. 4. The diagram plots simultaneously the conditions
for soliton-like formation [see (12)] and induced wave-
guiding [see (9)], which is actually the balance condition
(13). As seen from Fig. 4 shorter signal pulses require
smaller signal beam diameters as well as larger pump
beams. In the case considered, signal pulses with a du-
ration of 0.5-1 ps would be formed into a light bullet by
a signal beam diameter 1-8 mm and pump beam diameter
two to four times larger. The range of critical powers re-
quired seems reasonable (10°-10" W). The walk-off dis-
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tance at Ny, = 2.5 - 10" em 3 is Ly = 40 cm and the
light bullet region has a length of about 8 cm for 7y =1
ps. These parameters are to be compared with the recent
experimental results of Aitchison ef al. [16] on spatial
solitons. Using 75 fs pulses they have observed spatial
selfcollimation of the beam over a distance of 5 mm ina
planar waveguide with a thickness 3-4 pm and input beam
elipticity of 10:1.

11]. CoNCLUSIONS

Using the variational method for solving the Schro-
dinger equation and the analogy with a particle in a po-
tential well, we have analyzed the influence of the in-
duced phase modulation on the spatial and temporal char-
acteristics of a probe pulse, copropagating with a pump
pulsc. We have shown for the first time. that pulses with
nearly constant spatial and temporal parameters can prop-
agate in a bulk media. A good agreement is observed be-
tween the critical power for induced focusing P and
soliton-like propagation PO and the results. calculated
by other authors for SPM in similar cases. An analytical
expression is derived for light bullet formation by IPM.
The proposed method seem to be especially promising in
the shortwavelength region, using inert gas as a nonlinear
medium.

The inherent pump beam divergence and group velocity
mismatch can be compensated for and, hence, the light
bullet parameters made fully reproducible, by methods
discussed in the literature [17], [18]. including periodic
amplification and reshaping of the pump, symbiotic light
pairs. etc.

The spatial instabilities connected with filament for-
mation is a problem to be addressed separately and wil
be discussed elsewhere.
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