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Abstract: Experiments performed with different vortex pump beams
show for the first time the algebra of the vortex topologidarge cascade,
that evolves in the process of nonlinear wave mixing of @btiortex
beams in Kerr media due to competition of four-wave mixinghvself-
and cross-phase modulation. This leads to the coherentragame of
complex singular beams within a spectral bandwidth largant200nm.
Our experimental results are in good agreement with freqielomain
numerical calculations that describe the newly genergiedtsal satellites.
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1. Introduction

As an intriguing phenomenon in nature, vortices have becaménportant topic in many
fields of physics, spanning from fluid dynamics [1], optic} i@ Bose-Einstein condensates
[3]. Extensive research on both linear and nonlinear sargwives has been performed, il-
lustrating the universality of vortices in the physical dgm Topological charge conservation
using the concept of pseudo angular momentum was dematbtrathe harmonic generation
of acoustic vortices [4], leading to the formation of angslaock waves [5]. Transfer of angular
momentum from light to excitons in GaN was demonstrated byd et al. [6]. Particularly in-
teresting is the analogy between optical vortices and #ieinic counterparts, coherent vortex
wave functions in Bose-Einstein condensates [7], espgtiatause angular momentum can be
transferred between both [8]. Due to the close analogy letwiee Gross-Pitaevskii equation
that governs BEC dynamics and the Nonlinear Schroedingeati of nonlinear optics, the
results presented here are also applicable to BECs andflsigerWhile four-wave mixing
of wave functions in BECs [9] and the generation of vorticgareans of different methods
[3, 10, 11, 12] have been demonstrated, the combination @f lhas not yet been observed.
In this paper we present results of the analogous proceggtizspand show, for the first time,
cascaded nonlinear angular momentum mixing and coheeardfar of phase singularities over
multiple orders.

In the optical domain, vortices are identified as helicalgghprofiles within a light beam,
with a characteristic dependenerpimg) on the transverse angular coordingt¢13]. The
central singular point of this helix possesses no definedghad therefore the intensity must
vanish, leading to a characteristic cusp-like vortex cd4)].[ Such beams carry photon an-
gular momentum, which can also be transferred to matter. [Ib¢ angular momentum is
proportional to the topological charge (T@)of the optical vortex, associated with the total
phase changen- 21T after one revolution around the core. Optical vortex beame Hfound
various useful applications, namely in optical tweeze®,[toronagraphs [17] or as poten-
tial information carriers in data processing [18]. Of pautar interest are nonlinear processes
involving vortex beams, where conservation of the totaitatbmomentum determines particle-
like dynamics of the filaments resulting from the modulagibinstability (MI) induced vortex
break-up [19]. Conservation of the total orbital momentuso @lays a profound role in second
harmonic generation [20], parametric down-conversior] f21d stimulated Raman scattering
[22] involving optical vortices.

Because of their high peak power, short laser pulses aréythgheficial for nonlinear optics.
However, most nonlinear vortex experiments to date useiveha long-pulses or cw-lasers.
This is because most methods for vortex generation suffen thromatic aberrations. Nev-
ertheless, depending on the spectral extent of the incig@ses optical vortices can also be
imprinted on femtosecond laser beams using spectrally eosgiing techniques [23, 24, 25],
or spiral phase plates [26]. Such generation of dispersEmhigh-intensity vortex beams en-
ables studies of nonlinear vortex propagation in a muchwiaege of (even weakly) nonlinear
materials. As such, nonlinear vortex beam filamentationinij2Z] and water [28] has been
investigated.

An important benefit of using high intensity short pulsesiespossibility to observe cascaded
nonlinear processes, such as cascaded Raman scatteri3@]28d nondegenerate four-wave
mixing [31, 32, 33]. To date, no cascaded nonlinear fouremanxing process with singular
optical beams as predicted in [29] has been experimentaliyothstrated. While the genera-
tion of white-light supercontinuum from vortex beams hasrbattempted in glasses [34], the
breakup of the vortex ring into single filaments fully degtrd the spatial coherence of the
beam. An important practical issue to address here is agiwectontrol of the nonlinearity
strength required to reduce the effect of filamentation amutove the coherent transfer of the
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Fig. 1. Algebra of vortex beams with increased topological charge deadcaded four-
wave mixing. The experimental double-peak input spectrum is showadirtagether with
simulated intensity (top) and phase (bottom) profiles after nonlinear gatipa for the
mixing of a Gaussian beam with a vortex of unit TC. The magnitude of the FaDges
by 1 with the order of the cascading process, which can be seen in tipesp®se spi-
rals further away from the pump beams. The intensity profile in 3rd aabteady shows
distortion due to strong intensity dependence.

phase throughout the nonlinear cascade.

2. Vortex four-wave mixing

Here we demonstrate the generation of broad spectrum sinigedms through cascaded four-
wave mixing (FWM). By careful intensity control and the usedoil frequency pump pulses
we are able to identify the process of cascaded FWM and redhac@ntulti-)filamentation of
the vortex beam. Experiments performed with vortex beamdiftérent TC show cascaded
nonlinear TC mixing up to 3rd order and are in excellent agwe& with frequency-domain
numerical simulations. Starting with pump pulses of bamltlwif 43nm, vortices can be ob-
served within>200nm after nonlinear propagation. FWM is a third-order imedr process,
where four optical fields interact in a nonlinear Kerr mediumg = w; + (y — ax. In our case,
initially only two distinct pump beams of frequenciegs > wy are present. Energy conservation
dictates the resulting photon energy when combining argetphotons of those pump beams,
generating spectral satellites, = wp — NAw. This process becomes cascaded if the intensity
of the generated side-bands is sufficiently high, leaditighakely to a frequency comb, where
side-bands are spaced by the difference frequéeay= wn — iy, similarly to what has been
observed in ring microcavities, see, e.g. [35]. The TC cwsive in the cascaded process has
to obey the transformation law analogous to the one for thguency m, = mg — nAm with

Am = my —m [29, 31]. Labelling the pump beantgy ="blue” and w; ="red” (for obvious
reasons) with TCsy, my, the TC of the spectral satellites= —1,+2,+3,... can thus be cal-



800nm (i) HCF FM4 CCD2
4kHz
700pJ
25fs

800nm
1kHz
11.5mJ
38fs

DB

M FM1

Fig. 2. Experimental setup. i) Vortex generation and FWM, ii) referdseam generation,
iif) output characterization. D: Iris, DBS: dichroic beamsplitter, VL: variens, SP: short-
pass filter, LP: long-pass filter, BS: beamsplitter, FM1: focusing mfer@m, GC: gas cell,
FM2: collimating mirror f=3m, FM3: collimating mirror f=4m, ND: ND filter, @ CCD-
camera, SM: spectrometer, HCF: hollow-core fiber (filled with Ne dalg}4: collimating
mirror f=1m, DLY: delay stage.

culated. Each spectral satellite carries a defined TC, wiejgfesents an arithmetic progression
of the topological charge in the spectral satellites, asvshio Fig. 1.

3. Experimental setup

In order to generate pump beams with sufficient spectralraépa, an 11.5mJ, 38fs, 1kHz
Ti:Sapphire amplified pulse is split with a dichroic beamitsgd (cut-on wavelength 800nm)
(see Fig. 2). The resulting spectral peaks are centeredsain” ’blue”) and 805nm ("red”).

A helical phase with TGn= +1 can be imprinted on either or both beams with 16-step, AR-
coated spiral phase plates (also called vortex lenses /.\Af&r additional spectral filtering
and recombination with a low-dispersion broadband beattepthe remaining average power
is 2.0W, with approximately equal intensity in both beams.

The vortex beams are then focused with a f=2m spherical mii1 in Fig. 2) into a gas
cell. The Fresnel reflection from the entrance window is useehsure spatial overlap of the
pump beams in the focus. Temporal overlap is achieved bymizaixig the white light emission
when the cell is filled with Argon. For the actual measurem#re gas cell is evacuated and
nonlinear wave mixing is observed in the 3mm thick fusedtaiéntrance window only. In
this way, deteriorating effects especially due to plasmiénfocus are avoided, and the peak
intensity within the window can be controlled by adjustihg distance between the focusing
mirror FM1 and the gas cell. Nonlinear effects in the exit daw play a negligible role due
to large distance from the focus and smaller window thickr{@ésam). The diffraction length
of the beam id.p=4cm, while the nonlinear lengthy, (corresponds to a nonlinear phase



shift of 1) can be tuned from few hundreds of microns to séveratimetres. By adjusting the
ratio Ly /Lp we can control the amount of spectral broadening and delegialement of the
modulational instability across the beam profile. With tetup adjusted for low fluctuation at
the output, the peak intensity inside the entrance windoesisnated to be.1- 10*°W/cn?.
This results in a nonlinear phase slift= kofOL N2lpea(2)dz~ 0.1 inside the entrance window
glass. After the gas cell, the beam is recollimated andferted with a reference beam from a
gas-filled hollow-core fibre (see Fig. 2). This beam, usuadigd for few-cycle pulse generation,
possesses a near-Gaussian spatial profile and coverslthisifile spectral range, thus making
it a suitable reference for interferometric spatial phasasarements.

The interference pattern and intensity profiles are obseore another CCD camera in
slightly focused geometry. As a signature of the vortexdatlphase, the dislocation is visible
as a fork-like splitting of the interference stripes. Theedtion of the splitting ("fork up”/"fork
down”) corresponds to the direction of the angular phagees{olockwise/counter-clockwise),
whereas the number of fork rakes indicates the topologttatgem+ 1 (for integer values of
m).

The images are recorded after spectral edge-pass filtdreution wavelengths correspond-
ing to the gaps between the expected central wavelengthe spectral satellites. This method
is justified because the generation efficiency is expecteddtoease rapidly with the cascading
order of the process. This way, only the dominant part of feesum close to the filter edge is
contributing to the interference pattern. The signal vaesswhen either of the two arms in the
first interferometer is blocked, as expected for a nonligesreration mechanism. For the out-
ermost spectral regions, multiple shots (5-10) had to legiated. This leads to blurring of the
interferograms, but the TC can still be determined from tifferént number of fringes on top
and bottom of the vortex ring. Apart from that, the data shawenall single-shot measurements.

4. Experimental results

Fig. 3 shows the obtained phase-dependent interferenwqmand intensity profiles for three
different fundamental scenarios: The top row [Fig. 3(a)jvwb pump beams with equal TC
mp =m = +1, Am=mg— my. This is an important case because all spectral satelktes the
same topological chargeng = +1), which allows the generation of white-light vortex conti
uum in the multiply cascaded process. Although a singleexdoseam of sufficient bandwidth
could be used in this case, we keep the two peak spectrum eistency. Indeed vortices of
chargem, = +1 are observed throughout the entire accessible spectrdiidth of the beam,
which is only limited by increasing disintegration of thednsity profile for very remote wave-
lengths. The respective numbers of the spectral sateitigegther with their theoretical central
wavelengths are denoted in the top row.

The mixing of a vortex with a Gaussian beam is shown in thersgtcow. In this case, the
topological charge increases/decreases by one with ther ofdhe satellite peak. Fig. 3(b)
shows only the case for a "red” Gaussian mixed with a "blueftexy because the results are
qualitatively similar for the reversed case. Yet interggtio note is the fact that we observe
stronger generation of satellites on the spectral sidecadjdo the vortex pump. The measured
beam profiles for this case are also given in Fig. 3(c). Withamoutermost spectral satellites,
disintegration of the vortex ring by the modulational ifslity is observed [28], due to larger
sensitivity to shot-to-shot fluctuations. Finally, we exaenthe case of two counter-rotating
vortices of chargeny = +1 andm, = —1 [fourth row - Fig. 3(d)]. In this case, sind&m =
2, we observe the expected increase (decrease) of the \@réege by 2 with the order of
the cascaded process. We are able to record interfereneensatip to 3rd order (charge +7)
on the blue side, and up to 2nd order (charge -5) on the reddodittee spectrum. For this
largest TC difference between the two pump beams, we obskeveleanest beam profiles
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Fig. 3. Experimental interferograms and beam profiles for diffeventex pump beams
after nonlinear four-wave mixing. The pump beams are highlighted i e respective
central frequencies and wavelengths of the spectral satellite/pump &leag with the
cascading order of the FWM process are denoted on top. a) Two wdfiegual TGy =
my = +1, b) Vortex and Gaussian T@g = +1 andm; = 0, ¢) corresponding intensity
profiles for case b), d) Two vortices of opposite TGg= —m = +1. Contrast has been
enhanced slightly for the -3rd order interferograms. The numberdh lkax indicates TCs
of the generated vortices.

with very low disintegration of the vortex intensity ringhig effect can partially be attributed
to the almost identical divergence of the two pump beams dltieet same modulus of the TC.
It is known that vortices of TGm| > 1 are unstable against perturbation even in the linear
regime. In all cases where we generate higher-order vohterge statefm| > 1, we observe
decay into singly-charged vortices. This decay is a gerieedlire of vortices generated from
nonlinear processes, where the nonlinearity acts as arpation of the background beam. In
self-focusing Kerr media as well as attractive BECs thidéda break-up of the vortex ring into
spiralling filaments, which finally can collapse [36, 37]nhost cases however, the fundamental
vortices remain closely together, so that a dark core cafbberved. Since the relatively stable
vortices are observed in our experiment and the frequenegtspn is equidistant, we can
conjecture that the spatiotemporal spiralling predictefB] is a likely to be present, but not
yet characterized, feature of our observations.

5. Numerical Simulations

The theoretical model describing the interaction betwéerdifferent vortex beams is a set of
10 coupled nonlinear Schroedinger-type equations in teetsgd domain. The slowly-varying
amplitudesA, with respective wavenumbeks follow the equations
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Fig. 4. tanh-vortices: Intensity (odd rows) and phase (even rowtieopump waves at
770nm and 800nm and of 6 of the newly generated waves in the obserpddioe (one

diffraction IengthL% away from the exit of the nonlinear medium of Ieng.gl). The outer-

most spectral components are left out due to already too strongatiifinaCase a/ - pump
vortices with identical charges; Case b/ - pump vortex and Gaussiamh€ase ¢/ - pump
vortices of opposite charges. Separators - central wavelengths sithéated waves and
estimated conversion efficiencies. Some 16% of the total computationdbwiis shown

in each frame. See text for further details.

Cc

The model accounts for linear dispersion and diffractienyell as nonlinear self- and cross-
phase modulation, four-wave mixing and saturation of th@inearity viay = yo/(1+1/lsat).
For reasons of simplicity, we show here the teitdasand corresponding phase mismatchks
for a 4 wave model only (2 pump beams- 0,41 and 2 signal beams= —1, +2):

H.ip = 2A" 1 A0A, 1expiBkizLY) 4+ AjA2 (exp(inkazLD),
Hi1 = 2A 1ASA 28X (i — kizL) + 2A0A" A sexl —ilkpzLD)
+ A" | Adexp(iAkszL),
Ho = 2A 1 A" A pexpid — kezL3) + 2A 1 AJA 1exp( —iDkszLD)
+AZ A expilkyzLY),
H_1 = 280A 1A Lexp(ifkizLd) + AZA"  expifkszL),

)
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Fig. 5. r-vortices: Intensity (odd rows) and phase (even rows) optimep waves at 770nm
and 800nm and of the newly generated waves in the observation plaaaliffraction
length L% away from the exit of the nonlinear medium of IengtISIIg). Case a/ - pump
vortices with identical charges; Case b/ - pump vortex and Gaussiamb€ase ¢/ - pump
vortices of opposite charges. Separators - central wavelengths sithéated waves and

estimated conversion efficiencies. Some 16% of the total computationdbwiis shown
in each frame. See text for further details.

Aky = ko — k-1 +ky1 — K2,
Akp = 2k 1 — ko — Ky 2, ()
Akz = 2kg— K 1 —Ky1.
The initial values for the simulation were chosen as follodsspectral components except
for the central pump beams & 0,+1) are set to an effective zero (ten orders of magnitude

weaker than the pump components). The pump beams are madekither fundamental r-
vortices with a continuously varying azimuthal phase

A(r, @) = Ao(r /o)™ exp(—r?/r§) exp(img), (4)
or as tanh-vortices with a 16-level stepped phase profile e experiment

A(r, @) = Agexp(—r?/rag) tanh(r /ro) exp{i x mx (211/16) x int[16¢/(2mm)]}.  (5)

In the tanh case, the core width is chosen to reflect the experimentally measured beam
profiles andrg < 10rgg. The longitudinal coordinate is normalized to the difffantlength
LY = korg of the OV beam at frequenayy, and the intensity in the simulations is kept iden-
tical to the one needed to form a one-dimensional dark dpsdld@on of the same widthg
(calculated from inverting the sign @). All relevant FWM nonlinear termsl, in the model



equations 2 were generated by using a program for symboligpatations and were subse-
qguently exported to a program code written in Objective-Bicl realized a modification of
the split-step Fourier method. The computational grid fmhewave spanned over 1024x1024
grid points. The numerical results obtained aftE%Zree—space propagation from the vortex
lens (VL) to the entrance of the nonlinear medium of lendtf, followed by one diffraction
length free-space propagation to the observation plarestanmarized in Fig. 4. Cases a/ and
¢/ correspond to pump vortices of equal and opposite tofpcdbgharges, respectively, whereas
case b/ presents the results for vortex and Gaussian pumpsb&ae pump beams are chosen
to have central wavelengths of 770nm and 800nm. All necgssfiactive indices (and wave
numbers) are calculated according to the revised Sellregigations [38] at the indicated pump
and signal wavelengths, which are also used as separatiy. . A he second row of numbers
in the same figure shows the estimated conversion efficier{@¢i@0% initial signal in each
pump wave and 0.1% integration accuracy). For better Vissibve present in Fig. 4 only six
newly generated spectral components, in which the vorticeslearly formed. Inspecting the
phase profiles of the generated spectral satellites onecesthat their TCs follow the expected
relationm, = myp — nAm with Am = mg — my, wherewy corresponds to 770nnay; to 800nm,
andn s the (cascading) order of the process. In Fig. 5 we pressatts obtained aftel.f free
space propagation of the pump beams carrying r-vorticen fhe VL to the entrance of the
nonlinear medium (NLM) of Iength.BL% followed by ]L% free space propagation to the obser-
vation plane. Because for r-vortices the widths of the vocre and the background beam are
coupled (see Eq. 4) the length of the NLM was chosen to beeshiarorder to keep the slowly-
varying envelope approximation of the model equations Ri\@a} keeping the pump-induced
satellite-beam’s focusing reasonably weak. Qualitagjvile results for the FWM TC transfer
with r-vortices confirm these for tanh-vortices. We alsoaleped a 28 component model able
to more accurately account for the broadband pump. Sinanfirms the main predictions of
the presented 10-component model, we would like to only roethat its results for the output
supercontinuum spectrum fairly well reproduce the meakane when starting the simulations
with the measured input pump spectra. These results corfatitie generation of ultra-broad
spectrum vortex beams takes place mainly through cascadedvave frequency mixing pro-
cess, whereas spectral broadening due to nonlinear selferass-phase modulation remains
relatively weak. While our model neglects the full spatiopamal dynamics of the process and
accounts in a simplified way for the influence of the generatadma in the gas cell, in view
of the presented experimental data it accurately captheesgectral reshaping and the spatial
structure of the newly generated spectral satellites irtliput beam.

6. Discussion and Conclusions

The presented results agree well with the performed freggudomain numerical simulations.
In contrast to the numerical simulations, the experimertase with pump beams of finite
bandwidth, which gives rise to competing four-wave mixiregvieen frequencies of treame
pump pulse. This effect increases the bandwidth of the pungep (and satellites of sufficient
intensity), yet it only generates T&@ready presenin the respective spectral peak. The basic
interaction scenario between adjacent spectral peaksrisfire unaffected, as long as spectral
overlap (interference) remains small. To account for thigefipandwidth of the pump pulses,
the numerical simulation is extended to use more than orgémrcy per pump beam. This
quasi-pulse regime however qualitatively preserves atufiees predicted in the dual-frequency
pump model.

The presented method is applicable if the acquired nonlipbase remains reasonably
low, so that self-focusing of beam inhomogenities remamgéd. Since nonlinear interaction
is stronger in the most intense parts of the beam, a homogemackground beam (super-



Gaussian or flat-top) appears to be desirable here. Obyieusiade-off between achieved
bandwidth and vortex-ring integrity has to be made due toufaitbnal instability [28]. An
approach to limiting deteriorating effects appears to leeube of saturable nonlinear media,
e.g. via competing higher-order nonlinearities, which ldomake the process more control-
lable [39].

In conclusion, we have demonstrated broadband cascadéugnoifvortex beams in a self-
focusing Kerr medium. The nonlinear generation procesispagih not phasematched, is effi-
cient enough to allow for observation of vortices over a lvadth larger than 200nm. This con-
stitutes the first measurement of topological charge for Hipfyicascaded four-wave mixing
process with vortex beams. Topological charge conservdtio the nonlinear wave mixing
process is found to be fulfilled, and decay of higher-ordetiees into fundamental vortices
has been observed due to instability arising from the nealirself-focusing. The presented
results constitute basic scenarios for the interactiowéen fundamental topological modes,
which can be seen as basic "building blocks” to generate tmmgmherent broadband wave
fields with a defined phase structure, which could be useds.glaborate pump/probe beams
in coherent control applications or excitation and marafiah of BECs. In the case of identical
pump beams (which can be seen as a special case of a singlpénokvortex pump beam), the
four-wave mixing even preserves the TC, thus rendering tithod suitable for the generation
of supercontinuum white light vortex beams. Unlike Ramaaitscing, FWM can be employed
in a collinear geometry, eliminating the need for additiaraular dispersion compensation.
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