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Abstract In this review, starting with the essence of phase singularities (Sect. 1) and continuing with the methods for the generation
of singular beams of different kind (Sect. 2), we concentrate on optical vortices (OVs), which are the only known purely two-
dimensional dark beams carrying point phase singularities. We describe some methods to determine their topological charges
(Sect. 3) and how to convert them, e.g., in the linear process of diffraction from a hologram with an encoded OV, as well as after
nonlinear processes of cascaded four-wave mixing and of the non-perturbative process of high harmonic generation (Sect. 5). In
Sect. 6, we describe a method based on singular optics for the generation of long-range Bessel-Gaussian beams. Particular attention
is paid to the suppression of the interaction of pairs of OVs and to the generation of large arrays of hundreds of OVs on a common
background beam in square-shaped and hexagonal OV lattices (Sect. 7). The rich possibilities for the controllable generation of
ordered focal structures of bright peaks and the possible additional structuring of each peak with other singular beams are illustrated,
as well as the mixing of such OV arrays. New experimental results, devoted to novel possibilities for generating rich structures
composed by bright peaks in the artificial far field from OV lattices with high TCs, are also presented for the first time in this
paper and discussed in detail in (Sect. 8). In the last section, we describe a new method for the generation of arrays of long-range
Bessel–Gaussian beams (Sects. 9). Without any claim for completeness or comprehensiveness, we believe that this overview will
present to reader at least some of the beauty of experimental singular optics in space and could serve as a valuable initial step in
order to dig deeper into the field.

1 Introduction

Let us recall the meaning of the terms “dislocation” and “singularity” using an illustrative example: The North and South Poles of
the earth globe lie at points where all meridians intersect. Hence, they are not in any unique time zone. In a certain sense, there is
a time singularity at the poles. For this trivial example, the indeterminacy is resolved by convention: The Greenwich Mean Time is
taken as standard at the poles. The vortex and the tornado are two other familiar examples. Dislocations of a screw and edge type, in
the form of abrupt changes in the arrangement of atoms, are also well known. More precisely, singularities (dislocations) are places
where mathematical or physical quantities become infinite, or change abruptly [1]. The early history of wave singularities is related
to the names of W. Hamilton, Whewel and Airy [1] and to their works devoted to conical refraction (1832), tides in the oceans (1833,
1836), and the rainbow phenomenon (1838). The simplest function with a phase singularity is the map from Cartesian space to the
complex plane [2]

ψ(x , y) � x + iy � R exp (iϕ) � R exp [i(arctan(x/y))], (1)

which is zero at the origin of the coordinate system (x � y � 0, i.e., at R � 0). The phase can be interpreted (see Fig. 1) as the
polar angle ϕ, which is defined everywhere except at the origin. In each diametral cross section of ϕ, there is a phase jump of π at
the origin.

The usual optical beams can be described as localized (e.g., bell-shaped) waves in space with rapidly decreasing intensity at
increasing distances from the beam axis. Examples of such beams are Gaussian beam and hyperbolic-secant beam (see Fig. 2a),
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Fig. 1 Rectangular and polar coordinates and interpretation of the polar angle as the phase of a coherent beam

Fig. 2 Intensity (solid blue curves) and phase profiles (dashed red lines) of one-dimensional bright and dark beams (graphs (a) and (b), respectively). The
formulas above the graphs correspond to bright and dark one-dimensional Schrödinger solitons

which we often denote as “bright beams” in the following. Characteristics for their phase profiles are their flat phases. The presence
of phase dislocations (singularities) in the wavefront of a light beam (see Fig. 2b) determines its intensity structure. In the case of a
π-phase dislocation, the phase is indeterminate at the singularity point, both the real and the imaginary parts of the field amplitude
vanish, and the field intensity decreases to zero [3]. Such beams, nested on a bright background of finite extend, will be referred to as
“dark beams.” Since both dark and bright beams are localized in space, they become broadened by diffraction in the course of their
free-space propagation. The formulas shown above the graphs in Fig. 2 refer to the specific case when the diffraction in one spatial
dimension is exactly compensated by a third-order local nonlinearity (positive—for bright beams, negative—for dark beams) such
that bright and, respectively, dark one-dimensional Schrödinger solitons are formed.

The focus of this paper is on optical vortices (OVs)—the only known singular optical beams carrying truly two-dimensional phase
dislocations. OVs have spiral phase wavefronts (Fig. 3a) and characteristic toroidal (doughnut-shaped) intensity profiles (Fig. 3b)
[3–5]. An essential parameter of an OV is its topological charge (TC)—a positive or negative integer number � corresponding to the
total phase change 2π� over the azimuthal coordinate

� � 1

2π

∮
dϕ � 1

2π

∮
∇ϕ dR. (2)

Sometimes the TC is also called winding number of the loop or dislocation strength. The sign of the TC is depending on the sign
of the azimuthal phase gradient[6–8]. We will restrict this presentation to canonical vortices, i.e., vortices for which the spiral phase
varies uniformly with the azimuthal angle ϕ (see Fig. 3a and, e.g., Fig. 2 in [9]). Also, we will not discuss the other broad class of
OVs, namely OVs carrying polarization singularities [10, 11].

The first experimental observations of dark pulses in the form of dark solitons were reported in the publications of Emplit ([12] in
1987) and Weiner ([13] in 1988) and their co-workers. It is interesting to note that the more complex experiments in the time domain
preceded the first experiments on dark beams and dark solitons in space ([14] in 1990 and [15] in 1991). In these experiments,
amplitude masks are used to ensure the desired even initial conditions, i.e., pure amplitude modulation without phase jumps. In
self-defocusing nonlinear media input even dark beams split into a pair (or pairs) of diverging grey beams with abrupt opposite phase
changes located at their dark cores. Because the abrupt phase changes are smaller than π , the modulation depth is less than unity,
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Fig. 3 Spiral phase wavefront (a) and a characteristic toroidal (doughnut-shape) intensity profile (b) of an optical vortex. (c) cross section of the intensity
distribution of an optical vortex beam

thus the adopted beam notation is “grey beams”. Odd initial conditions are created by using glass plates with two levels of thickness
as phase masks. When properly aligned, they imprint π phase jumps along two crossed lines on the input continuous wave beam.
The simplicity of these experiments, firmly supported by physical intuition, is remarkable. It was also shown that there is no intensity
threshold for the splitting and repulsion between such grey beams [16]; however, their transverse velocity is intensity-dependent
[17].

The theoretical analyses on the existence of stable two-dimensional self-supported beams [18, 19] were followed by the experi-
mental generation of optical vortex solitons [20]. In Swartzlander and Law [20], a simple three-level phase plate was used. Interest
in OVs began to grow rapidly. Some of the first follow-up analyses are worth being mentioned [21, 22]. Around this time, the interest
in singular optics was also born in the Department of Quantum Electronics of the Sofia University (Sofia, Bulgaria). Numerical
results on the dynamics of optical vortices and the first experimental results on the existence and evolution of ring dark solitary
waves were published [23, 24].

2 Methods for generation and characterization of optical vortices

In this section, without any claim for completeness, we will briefly introduce some known ways for the generation of optical fields
with vortex singularities. We can distinguish methods applicable outside of the laser cavity from intracavity methods, where the
laser directly generates higher-order modes with the corresponding singularity.

2.1 Spiral phase plates

Figure 1 shows the probably most obvious approach for the generation of OVs: A plate of optical material whose thickness increases
in azimuthal direction (see e.g., [25–27]). It is necessary to adjust the difference between the maximal and minimal optical thickness
to be equal to the wavelength λ for which the phase plate is designed. Then, a flat phase front of a beam passing through it will change
azimuthally from 0 to 2π and an OV with a unit TC will be generated. The sign of TC can easily be inverted by reversing (flipping)
the phase plate. The great advantage of this method is that its efficiency is of the order of 80% [25] including the Fresnel reflections
of the air-glass interfaces. It can be enhanced by a suitable anti-reflection coating. To our knowledge, the first such commercially
available phase plates were fabricated for relatively low TCs. For e.g. |TC|� 1, the necessary spiral growth of their thicknesses was
discretized into 16 sub-levels (see e.g., Figs. 1 and 2 in [27]). Currently, such phase plates can be obtained with relatively high TCs
(e.g., ∼32), with a thickness discretization at 64 sub-levels. Liquid-crystal spiral phase plates with cell thicknesses suitably chosen
to generate OVs with TCs of 1–4, as well as stacking such plates to obtain OVs with higher TCs are also known [28].

The great disadvantage of phase plates is that they are applicable almost exclusively for the wavelength for which they are
designed. By “almost” we mean that a phase plate designed for a wavelength λ but illuminated with, e.g., the second harmonic (λ/2)
will approximately reproduce an OV with twice the topological charge. Figure 4 clarifies the meaning of “approximately.” When
the used wavelength deviates from the design wavelength, the phase plates generate OVs with fractional TCs (TCs whose value is
not an integer number). In the intensity distribution of the beam, this fractional TC appears as a radial dark stripe (see Fig. 4). The
larger the deviation of the used wavelength from the design wavelength, the larger is the modulation depth. As the phase plates are
usually (to the best of our knowledge) produced with a sawtooth azimuthal thickness profile (i.e., the phase is encoded modulo 2π),
the number of radial dark stripes is equal to the design TC. This outlines one possible simple method for determining the unknown
TC encoded in such a phase plate. We will dwell on the problem of determining the TCs of the OVs later in this review. Last but not
least, phase plates that provide linear phase retardations on one half of a laser beam only are also able to produce optical vortices
[29].
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Fig. 4 Intensity distributions of optical vortex beams generated by spiral phase plates designed for nominal topological charges |TC|� 2 at 570 nm (upper
row of frames) and |TC|� 3 at 530 nm (lower row of frames), when illuminated also with wavelength which deviates from the design wavelength of the
phase plates. The corresponding wavelengths are denoted on top of each column of frames. The larger the deviation of the used wavelength from the design
wavelength, the larger is the modulation depth (see the radial dark stripes)

2.2 Computer-generated holograms

The use of computer-generated holograms (CGHs) is another powerful method for generating beams with a desired singular phase
distribution. In Fig. 5, we illustrate the computation of a CGH reproducing OVs with topological charges TC � 1 and TC � −3.
The first step is to calculate the two-dimensional intensity distribution, which would be observed as a result of the interference of
a reference wave with intensity IR(x , y) ∝ |ER(x , y)|2 propagating at an angle θ with respect to the object (dark) wave ID(x ,
y) ∝ |ED(x , y)|2. In the simplest approach, the reference wave is a plane wave and is overlapping with an object wave with the
desired phase profile �(x , y). One can even assume that the amplitude modulation of the object wave is a result of the diffraction from
the CGH, thus neglecting its initial amplitude modulation. The interference signal Iinterf(x , y) can then be calculated by considering
only the interference term Iinterf(x , y) ∝ cos[�(x , y) + αx]. In the particular case of an OV with a TC � �, the interference signal
Iinterf(x , y) ∝ cos[� arctan(y/x) + αx]. Here α is the spatial frequency of the interference lines and is inversely proportional to their
spatial period. Physically, α is related to the angle between the interfering reference and object beams. In Fig. 5a1, b1, grayscale
plots of the phases of OVs with TCs � 1 and −3 are shown. Black and white denote phases 0 and 2π , respectively. The positions of
the phase jumps are easily identified in the phase plots. They correspond to the points of fork-like splitting of one interference line
into (1 + �) lines (see frames (a2) and (b2) in Fig. 5), where � is the TC. The orientation of the fork-like splitting depends on the
sign of the encoded TC.

In order to create practically applicable and cheaper CGHs, the calculated pattern is discretized in a finite number of gray levels.
When using discretization in two levels, the CGH consists only of transmitting and reflecting zones and can be manufactured by
a standard photolithographic technology. The typical grating period is of the order of 20 µm, the size of the CGH on the order of
(10×10) mm2. In frames (a3) and (b3) we show the binary versions of the CGHs shown in panels (a2) and (b2), respectively. When
binary CGHs are reproduced, the diffraction efficiency in the even diffracted order beams is negligible. This feature, as well as the
maximum achievable diffraction efficiency of only ∼10% in the 1-st diffraction order and the unavoidable quantization error of
π /24 (mean square root) are discussed in the classical work of Lee [30].

Another limitation stems from the fact that once produced by photolithographic technology, the CGH cannot be reconfigured
(which, however, is possible if it is displayed on an, e.g., liquid-crystal spatial light modulator). This limitation is slightly mitigated
by the fact that the TC of the OV in the m-th diffraction order is m times higher than the one reproduced in the first diffraction order. It
was shown by the authors in [31] that when a Gaussian laser beam diffracts by a fork-shaped grating with encoded phase singularity
of order �, the diffracted beam in the positive and negative m-th diffraction order has TC equal to +m� and −m�, respectively.

When working with CGHs, proper attention must be paid to the shielding of the diffraction orders that are not used. However, we
would not like to be understood that CGHs do not have specific advantages. They can operate with continuous laser beams at any
wavelength for which the binary structure is of high transmission/reflection contrast. Their applicability to few-cycle femtosecond
laser pulses with broad spectra is also possible and will be discussed later in this review.
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Fig. 5 Grayscale plots of the phase distributions of an OV with TC � +1 (a1) and of an OV with TC � −3 (b1) and the corresponding grayscale ((a2) and
(b2)) and binary computer-generated holograms (a3 and b3, respectively). The orientation of the fork-like splitting depends on the sign of the encoded TC

2.3 Generation of OVs with spatial light modulators

In terms of reconfiguration flexibility, spatial light modulators (SLMs) are, in our opinion, unrivaled. The principle of their operation
is based on the voltage-controlled optical and electrical anisotropy of the liquid crystal molecules with which each individual pixel of
the array is filled. When the desired and preliminary calculated phase distribution (see Fig. 5a1, b1) is sent to the SLM, the phase of
each pixel is converted to a voltage across the liquid crystal cell corresponding to this pixel. The modulation of the phase of the laser
beam leads to a modulation of its amplitude/intensity. Some researchers prefer to project computer-synthesized holograms onto the
modulators. It is a matter of choice and experimental demands which option to choose. However, one should take into account that
the efficiency of the modulated signal is reduced when using computer-synthesized holograms. Also blocking beams of unwanted
diffraction order is required. When adequately calibrated, grey levels of the calculated phase vary from 0 to 255 corresponding to a
linear increase of the introduced phase from 0 to 2π . When switched off, the reflective SLM is acting as a flat mirror.

One of the main advantages of the SLMs over the above-mentioned methods for OV generation is their flexibility and recon-
figuration options. SLMs support a wide spectral range covering the VIS and NIR region. A fine calibration of the device can be
performed by projecting an OV and tuning the voltages sent to the SLM such that the radial amplitude modulations similar to those
seen on Fig. 4 are minimized. The angle of incidence of the laser beam on the SLMs with respect to the normal incidence should be
kept relatively low, in order to avoid possible birefringence (< 4◦).

We would like to point out that a SLM is particularly useful for, e.g., interferometric measurements. For instance, when aligned
in an interferometer, even if it encodes a particular complicated phase distribution, the necessary constant (over the entire area of the
SLM) phase distributions can be added to the complicated distribution. In this way, without any readjustment, one can implement
some of the known techniques for quantitative reconstruction of the phase profiles of the generated beams [32].

2.4 Generation of optical vortices directly from a laser cavity

Without any claim for completeness, we briefly review some of the most well-known techniques for constructing laser cavities emit-
ting vortex beams. Respective methods include pumping with doughnut-shaped beams [33, 34], using spot-defect cavity mirrors [35],
side-pumped design [36], and off-axis pumping [37, 38]. In Zhao et al. [33], the discrimination between the pure Laguerre–Gaussian
LG0, +1 and LG0, −1 modes is obtained with the help of an uncoated YAG crystal plate and a proper thermal gradient on the ceramic.
In Wang et al. [34], a single-frequency OV beam is generated from an Er:YAG non-planar ring oscillator pumped by an annular
beam created with an axicon. The spot-defect cavity mirror used in Qiao et al. [35] is produced by laser inscribing round patterns
on the surface of the cavity mirror. Based on this design, OVs with TCs up to 288 are generated [35]. In [36], a diode-side-pumped
laser is described, producing a high-power TEM00 mode. Minor modification of the design to exploit the spherical aberration of
the thermal lens is shown to allow for the generation of a doughnut-shaped high-power vortex mode with low astigmatism [36]. In
Nam et al. [37], the slightly off-axis pumping geometry, achieved by a minor shift of the pump beam, supported the HG10 mode in
the femtosecond regime. This HG10 laser beam of the mode-locked laser is externally converted into LG0, ±1 modes by a single-
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Fig. 6 Laser mode converter transforming HG01 (a1) and HG02 modes (a2), generated directly by He-Ne laser into singly- and doubly-charged OVs ((b1)
and (b2), respectively). Panels (c1) and (c2)—fork-like splittings of interference lines indicating the topological charges

cylindrical-lens mode converter [37]. In Ma et al. [38], direct generation of red and orange optical vortex beams from an off-axis
diode-pumped Pr3+:YLF laser is demonstrated. Vortex fiber lasers use additional elements for either mode selection or conversion
of the LP01 mode. Optical metasurfaces (compact planar components which can manipulate light with high efficiency in a broad
wavelength range) provide a suitable alternative. In Wang et al.[39], the authors demonstrate a plasmon metasurface-assisted vortex
fiber laser generating OVs with reconfigurable TCs around 1030 nm.

2.5 Laser mode converters to optical vortices

In Allen et al. [40], the authors present a mode converter consisting of two cylindrical lenses which is able to transform Hermite—
Gaussian (HG) modes to Laguerre–Gaussian (LG) modes and vice versa. Its operation is based on the dexterous use of the Gouy
phase. The underlying analytical result is that a LG mode can be decomposed into a set of HG modes (see Fig. 3 in [41] and Fig. 1
in [40]). The beam to be converted should be made astigmatic in a confined region only, but remains isotropic outside this region.
When passing through this confined region, the necessary phase difference will be introduced between the HG components which
are oriented along the axes of astigmatism. Two cylindrical lenses with focal lengths f aligned at a distance 2d � √

2 f form the
so-called “π/2-converter” are able to transform a diagonal HG mode to a LG mode. The authors introduce also a “π-converter”
which exchanges the indices of the incoming LG mode, thus converting it into one with opposite azimuthal dependence (TC).

In the figure below, we show test results based on a π/2-converter built at Sofia University. The input HG01 mode (Fig. 6a1) was
generated directly by a He-Ne laser by carefully aligning its cavity. The cylindrical lenses were rotated such that they were at an
angle of 45◦ to the principal axes of the HG01 mode. The obtained LG10 mode (OV with a |TC|� 1) is shown in Fig. 6b1. When this
beam is partially cut with a sharp blade, the diffraction from the edge partially overlaps with the dark vortex beam and a fork-like
splitting of one interference line becomes visible, see Fig. 6c1. As mentioned, this is indicative for a single topological charge. In
panels (a2, b2, c2) in Fig. 6, we show results obtained with the same convertor when aligning the laser cavity to emit HG02 mode. It
was converted to a doubly charged OV beam. As seen in panel (b2) of Fig. 6, the OV with |TC|� 2 has decayed into two OVs with
identical topological charges (see also panel (c2)). Note that no special efforts were made in this test to prevent the decay.

Using the described cylindrical-lens converter, mode-locked HG beams (TEM0m modes with m � 0–9) from a Nd:GdVO4 laser
are converted into picosecond optical vortex pulses with TCs from 0 to 9 and with an excellent spatial beam quality [42]. In Chen
et al. [43], symmetric and asymmetric HG modes are generated from an off-axis pumped solid-state laser and are thereafter converted
into elliptic vortex beams with different spatial asymmetries by using an astigmatic mode converter.

Since cylindrical-lens mode converters are incompatible with fiber optic components, we will also briefly mention mode conversion
in optical fibers. Perhaps, the most simple converter can be realized by using a helical long-period fiber grating [44]. It ensures high
mode conversion efficiency and low loss. In Zhou et al. [45], a broadband tunable optical vortex based on such grating inscribed
in a single-mode fiber is experimentally demonstrated. In this case, core-cladding mode dual resonance near the dispersion turning
point is used. Ultra-broadband operation based on the same principle is reported in [46]. In Zhang et al. [47], high-order OVs are
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generated in a few-mode fiber via cascaded acoustically driven mode conversion by means of an acoustically induced fiber grating.
Two such gratings were simultaneously induced in the same segment of the fiber by a radio frequency source containing two different
frequency components. One of the gratings converted the left- and right-handed circular polarization fundamental modes to OVs
with TCs ±1, which were further converted to OVs with TCs ±2 by the second grating.

2.6 Generation based on modulational instability

It is possible to create pairs of OVs based on the instability of singular beams. In the following we will distinguish between
modulational instability of highly-charged OVs and instability of one-dimensional dark beams.

OV solitons were first generated by using discrete “spiral”-type phase masks [20, 29, 48] and by taking advantage of the
modulational instability of one-dimensional dark beams [21]. In the case of an �-fold charged screw dislocation, the addition of a
small coherent background at the reproduction of, e.g., computer-generated holograms gives rise to its splitting in � dislocations of
charge 1 [49]. A theoretical and experimental study on the propagation and decay of highly charged optical vortices in a medium
with an anisotropic nonlocal nonlinearity can be found in [49]. Even for an isotropic nonlinearity, the vortex dynamics of the
nonlinear wave equation shows that OV beams of charge |�|≥ 2 are topologically unstable [50]. The suppression of the transverse
instability by saturating the nonlinearity [51] allowed us to generate stable OV solitons with TCs up to |�|� 4 [52]. In Dreischuh
et al. [53], we present a linear analysis and numerical simulations of the instability of optical vortex solitons of arbitrary topological
charge. The numerical results show a rich variety of instability scenarios depending on the type of perturbation. The saturation of
the nonlinearity is shown to slow down the decay of multiple charged dark beams at an intermediate evolution stage and to prevent
their ultimate decay into singly charged OV solitons. This concept is experimentally verified by the observation of a partial decay
of a triple-charged OV beam [52]. A rare case in which such decay is useful will be described later in this paper, when introducing
a method developed for generating long-range Bessel-Gaussian beams.

As already mentioned, soon after their discovery, OV solitons were generated by modulational instability of one-dimensional
dark beams [54]. In Fig. 5 in Dreischuh et al. [55], we showed the characteristic snake-like bending of the one-dimensional dark
spatial soliton (see also [56]). In the final stage of the instability, pairs of interacting OV solitons with opposite topological charges
should appear even with saturated self-defocusing nonlinearity [54]. In Dreischuh et al. [57], we showed by numerical simulations
(see e.g., Fig. 6 in [57]) that optical vortex dipoles with fractional topological charges carrying mixed edge-screw phase dislocations
are prone to such instabilities provided that the length-to-width ratio of the dipole is 4 or more. A semi-infinite vortex dipole can
be viewed as a one-dimensional phase dislocation of π spanning from far outside the background beam to, e.g., its center and
ending with a phase semi-helix from 0 to π . Equivalently, the semi-infinite vortex dipole can also be viewed as a fractional vortex
dipole shifted asymmetrically with respect to the axis of the background beam. In Fig. 2 in Dreischuh et al. [58] is shown that in a
self-defocusing Kerr nonlinear medium such dipole develops snake instability. Vortices with alternating TCs separate from the dark
stripe near the center of the background.

In our opinion, snake instability is difficult to control, which limits the approach of generating vortex beam based on modulational
instability.

2.7 Generation with metasurfaces

The generation of OV is also possible by using metasurfaces. Producing them requires precision both in design and fabrication, but
it seems that the resulting vortices can be well-controlled. In turn, with structured beam interferometry (e.g., with OV beams), such
metamaterials can be precisely characterized.

In very general terms [59], a metamaterial (MM) is any material engineered to have a property that is not found in naturally
occurring materials. Metasurfaces (MS) consist of a single or a few layers of nanoscale building blocks called meta-atoms, arranged
in a two-dimensional structure [60]. By engineering the meta-atoms, the (optical) properties of the MSs can be controlled, which
is especially important when used with ultrashort or shaped laser pulses [60]. An overview of the mechanisms that enable control
over the local linear and nonlinear interactions on such MSs is published in [61]. Here we will provide some references regarding
the generation of OVs carrying phase dislocations by means of metasurfaces, although MSs are capable to shape the polarization
state of the beam as well (see e.g., [62–64]).

In Jiang et al. [64], an azimuthally symmetric MS for the GHz range is demonstrated to convert, e.g., a left-handed circularly
polarized incident plane wave to a right-handed circularly polarized vortex with |TC|� 2. In Cheng et al. [65], a kind of THz
vortex beam generator based on square split-ring MSs is analyzed. In Liu et al. [66], a MS with unit-cell structure comprising three
resonators is designed. It is shown to generate vortex beams at three distinct THz frequencies with up to |TC|� 3. The performance
of a reflective MS generating OV beams with |TC|� 1 and 2 between 0.3 THz and 0.45 THz is reported in [67]. A thermally tunable
MS composed of cylindrical dielectric micropillars is also proposed to generate OVs in the region from 0.69 to 1.65 THz [68]. A
MS that can simultaneously generate two vortices with TC � 1 and four vortices with TC � −1 at 1 THz is described in [69]. At
the same time, it generates two vortices with TC � −2 and one with TC � 2 at 1.3 THz. A MS combined with a material changing
between amorphous and crystalline state is shown to operate as a switchable vortex beam generator from TC � 2 to TC � −2
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and vice versa for the ∼80 GHz range [70]. An inverted action, namely a mode converter based on anisotropic MSs converting a
waveguide TE01 mode into a circularly polarized Gaussian beam, is reported in [71], again for the range 35–38 GHz.

The intense research in the THz domain is at least partially provoked by the application prospects of MMs in future THz
communication [69]. For the optical domain, we will mention only two new results. In the wavelength range from 820 to 900 nm,
a plasmonic MS with rectangular nanoapertures is capable of generating beams with arbitrary spatial variation of phase and linear
polarization, as well as radially and azimuthally polarized vector beams and double mode vector beams [72]. Metasurfaces that
generate OVs with |TC|� 1 at 532 nm are produced in a crystalline silicon 100-nm-thin film [73].

Let us also give some examples in which MMs are objects of the study with optical vortices. In conventional interferometry,
displacements of linear fringes are measured. In vortex-based interferometry, the interference patterns resulting from overlapped
focused Gaussian and vortex beams can have spiral structure (see Fig. 7, row (b)). The phase shift due to the MS results in a rotation
of a spiral interference pattern. In this way, small and spatially inhomogeneous samples of MMs and MSs can be measured directly,
thus visualizing the phase changes introduced by subwavelength-thick nanostructures [74]. Measured phase shifts in transmission
and reflection along with the measured transmittance and reflectance spectra allow for retrieving the real and imaginary parts of
effective permittivity and permeability, as well as the refractive index for metamaterials having positive, zero and negative refractive
indices [75]. A pure OV with a |TC|� � becomes deformed when transmitted through a thin slab, and decomposes in to OVs with
|TC|� (� + 1) and (� − 1) [76]. This deformation is accompanied with a TC-dependent Goos-Hänchen shift. In [76], the authors
show that epsilon-near-zero metamaterial is suitable to achieve the TC-dependent Goos-Hänchen shift.

2.8 Generation of OVs in femtosecond laser fields

The above-mentioned methods for the generation of OVs in the cw and the quasi-cw regimes are not suitable for few-cycle femtosec-
ond lasers. The shorter the femtosecond pulse, the broader its spectrum. Hence, the magnitude of the phase jump in the different
spectral components will deviate from π , even when the vortex phase plate is designed for the central wavelength of the emission
spectrum. The use of liquid crystal spatial phase modulators is also not always possible, since they cannot withstand high powers
and high peak intensities. Astigmatic transverse-mode converters cannot be used directly, since mode locking is achieved if the
cavity is aligned to emit the fundamental TEM00 mode.

One possible solution [77] of the problem is a computer-generated hologram aligned as a part of a dispersionless 4-f system
[78]. Assuming that a singly charged OV is encoded in the CGH serving as one diffraction grating of the setup, an iris diaphragm
located in the Fourier plane should not affect the propagation of the first-order diffracted beam but has to remove all other beams.
When correctly aligned, with a second diffraction grating of the same period as this of the CGH, the 4-f system cancels for the
spatial dispersion introduced by the CGH. Vortices generated by the CGH in each individual spectral component are recombined
spatially and temporally to overlap at the exit of the 4-f system without spatial chirp (see Eq. 5 in [77]). Using a binary CGH,
produced photolithographically with a stripe period of 30 µm, we successfully generated optical vortices in the output beam of a
20-fs Ti:Sapphire laser [77] by using a 4-f setup. In this case, the two gratings were arranged in a double-pass configuration.

Alternatively, in Mariyenko et al. [79] the authors demonstrated the applicability of a 2f -2f setup for the generation of femtosecond
OVs. The incoming optical beam/pulse first passes through the first ordinary diffraction grating. An off-axis aperture transmits the
beam diffracted in first-order only. A lens then focuses the optical beam into the exit grating, which is a CGH. This lens having a
focal length f is positioned at a distance 2f from both gratings. A second lens, identical to the first one, is placed immediately behind
the CGH in order to ensure a linear magnification of −1. However, it should be kept in mind, that the 2f -2f system is acting as pulse
stretcher. In Bezuhanov et al. [80], we demonstrated that OVs and other dark beams carrying phase dislocations can be generated in
double-pass grating compressors without introducing additional spatial dispersion. One of the gratings has to be replaced by a CGH
of a period equal to that of the other grating. In a proof of principle experiment with a double-pass compressor, the broad bandwidth
of femtosecond laser pulses is imitated by sets of measurements conducted with a cw laser tuned between 780 nm and 805 nm. The
OV is embedded in the beam by the first grating (CGH). It passed through the entire system and was used as a spatial marker. It was
shown that the OV preserved its output position in space for all wavelengths.

An alternative approach based on vortex phase plates is analyzed by Swartzlander [81]. A suitably designed stack of two materials
whose interface resembles a helicoid could serve as an achromatic vortex phase plate. However, to the best of our knowledge, only
theoretical data for the visible spectral range have been published [81] and no experiments were performed with such elements. Even
if proper pairs of optical glasses are available for the typical spectral widths of few-cycle laser pulses, the flexibility in changing the
TCs will be lost with this approach. On the other hand, much higher pulse energies will be afforded.

3 Methods for measuring the topological charges of OVs

Bearing in mind that computer-generated holograms are one possible method for generating OVs, the idea of determining TCs of
OVs from interference patterns arises naturally. If a Mach–Zehnder interferometer is used, the laser beam is divided into two parts,
conventionally denoted as reference and object beams. Let us assume that an optical vortex is shaped in the object arm in one of the
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Fig. 7 a1Near-field intensity distribution of an elementary cell, portion of a bigger hexagonal OV lattice (see dashed yellow triangle). a2 Related interference
pattern of the marked elementary cell with an inclined plane wave, indicative for the value and the sign of the TC of every single OV forming the cell. Frames
b1 to b4 show interference patterns obtained by overlapping OVs with TCs � 1, 2, 3 and 4 with spherical waves

already described ways. After re-combining the beams at the second beam splitter of the interferometer, the resulting interference
pattern is recorded by a CCD camera for subsequent analysis.

In panel (a2) of Fig. 7, we show a result, obtained when in the object arm of the interferometer a hexagonal OV lattice is created.
We will describe the idea of the vortex lattices in details later in Sect. 4 of this paper. Briefly it is a large “lattice” (array) composed
by OVs with alternating TCs. The elementary cell of the particular lattice shown in Fig. 7, consists of three OVs located in the apices
of an imaginary equilateral triangle, having equal in value and sign TCs, and a fourth OV in its center with opposite TC. All OVs
carry unit topological charges (with the mentioned different signs). The dashed yellow triangle in panel (a1) of Fig. 7 is intended
to mark one such elementary cell. The picture was taken in the near field after a liquid crystal spatial phase modulator, which
explains the wide dark cores of the OVs. Outside the triangle, a hexagonal structure of OV dark cores is visible, which motivates
the name of this OV lattice. In the related interferogram in panel (a2) of Fig. 7, the dashed triangle encloses the same cell. As with
the computer-generated holograms (see panel (a2) in Fig. 5) an OV with |TC|� 1 is identified by the splitting of one interference
line into two. The orientation of the fork-like splitting (up or down) indicates the sign of the TC. The splittings of the interference
lines in panel (a2) of Fig. 7 at the apices of the imaginary triangle are downwards. For the central OV, they point upwards. In all
cases, one interference line splits into two lines. Therefore, the OVs have unit topological charges, whereby the central OV has an
opposite TC as compared to the other three OVs.

To the best of our knowledge, one of the simplest ways to determine the TC of an OV by an interference pattern is by using a
single-lens interferometer [82, 83]. Briefly, when an uncoated focusing lens is used, two weak Fresnel reflections from its surfaces
occur. In this way, a low intensity “ghost” beam is formed. Its focal plane is at a distance much shorter than the focal length of the
lens. This “ghost” beam is co-axial with respect to the main “background” beam which is serving as a reference beam in this short
single-lens interferometer. A detailed description of single-lens interferometers can be found in [82, 83]. In the present geometry,
the “ghost” beam is focused and, therefore, it has a spherical wavefront. The main (reference) beam is also converging, but more
weakly, which implies a larger radius of curvature of its wavefront. Therefore, for spherical wavefronts with significantly different
radii of curvature, the interference pattern of an optical vortex does not consist of interference lines, but of interference spirals, which
seem to emerge from the dark core of the OV beam. It should be noted that with a perfectly aligned single-lens interferometer, the
two dark vortex cores overlap and interference spirals cannot be observed because there is no light in the cores of the OVs.

In Fig. 7 (lower row of frames), experimental frames taken with such setup are shown. They are slightly perturbed such that the
dark core of the focused OV overlaps with the bright ring arc of the reference OV. In frames (b1)–(b4) of Fig. 7, it can readily be
seen that the measured OVs have topological charges 1 for frame (b1), 2 for frame (b2), 3 for frame (b3), and 4 for frame (b4), all of
them with the same sign. Specifically, these measurements are made with OVs generated by directly projecting the respective helical
phase distributions (see e.g., frames (a1) and (b1) in Fig. 5) onto a liquid crystal phase modulator. According to our experience, a
single-lens interferometer is applicable only for a small number of OVs with relatively small TCs (up to e.g., |TC|� 5). Unfortunately
such interferometer is not applicable for femtosecond pulses.
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Fig. 8 Intensity distributions of OV beams with different TCs when focused by a cylindrical lens. The TCs denoted to the left of each frame are identified
by the number of dark inclined lines (actually the highly-elliptical cores of the decayed OVs). The different directions of the inclined lines indicate different
signs of the measured TCs

Another simple, yet efficient method, applicable only to individual vortices (not to arrays of OVs), is to focus the vortex beam with
a cylindrical lens [84–87]. Near the focus of the lens, the beam becomes highly elliptical and the vortex becomes strongly perturbed.
Multiply charged OVs break up into singly charged vortices, each one with a highly elliptical core. The focused background beam
appears to be cut by inclined dark lines, which are actually the distinct cores of the optical vortices. This feature is shown in Fig. 8
for different values of topological charges. The change in the sign of the TCs is reflected in a change in the direction of the slope of
the dark stripes on the focused elliptical background beam.

The value of the OV’s TC can also be determined by the number of dark fringes after diffraction from an annular grating, where
its sign is identified by the orientation of the diffraction pattern [88]. Topological charges can also be measured by analyzing the
far-field diffraction pattern when such beams pass through pairs of slits [89], through triangular [90–93], square [94, 95], annular
[96], or sectorial apertures [97].

Yet another method is using an inverted field interferometer—either as Michelson or Mach–Zehnder type. The peculiarity of an
inverted field interferometer is that the number of reflections in one of its arms differs from the number of reflections in the other arm
by one (or by an odd number). As a result, the beam in one of the arms is flipped with respect to the beam in the other arm. Originally,
such interferometers were used in autocorrelators for detecting the pulse front tilt of femtosecond laser pulses [98, 99], which, in
fact, was also our initial motivation to analyze and use an inverted-field autocorrelator/interferometer [100–102]. When an optical
vortex beam enters the device, two OVs with the same absolute value, but with opposite signs overlap on the second beam-splitter
of the device (provided that Mach–Zehnder-type interferometer is used) and interfere thereafter. The result is an interference pattern
similar to a cosine-LG beam with a radial mode index equal to zero. Neglecting a possible pulse front tilt, the result (see Eq. 7 in
[103]) shows that the power density P of the interference signal is proportional to

P(r , ϕ, �, τd ) ∼ (r/r0)|�| exp [−(r/r0)2] cos2 (ω0τd/2 ± |�|ϕ). (3)

Here r , ϕ are the polar coordinates, r0 is the background beam width, ω0 is the carrier frequency, τd is the delay between the
interfering waves, and � is the topological charge of the input OV. Because of the cos2-function, the number of azimuthal peaks is
twice as large as the actual TC (see Fig. 9). From the argument of the cos2-function, one also can deduce that the increase/decrease
of the time delay will result in a change of the direction of rotation of the interference pattern. Calibration of the rotation direction
with an OV with a known TC can be used to subsequently unambiguously determine the signs of tested OVs.

The potential broader use of such a device is discussed in [103]. Obviously, the technique is well-suited for calibrating delay
lines without any realignment by self-reference. In addition, by blocking one of the arms of the interferometer, one can use OV
beams/pulses with opposite TCs, which are well located in the plane of a desired target and have precisely known time delays. In
Dimitrov et al. [104], we reported a novel technique that allows realignment-free switching between the interferometric and the
background-free mode of autocorrelation of ultrashort laser pulses. It is based on a collinearly aligned inverted-field interferometer
and an optical vortex phase plate that is added/removed in front of the device in order to switch between these two modes. The
applicability down to the 10-fs range of the technique is also shown in [104].

4 Interactions between optical vortices and generation of vortex lattices

The generation of complex periodic structures (lattices) and the interaction of waves with complex wavefronts with such lattices
are of undoubted interest since they offer new possibilities to engineer the diffraction properties of light (see e.g., the review paper
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Fig. 9 Interference of two OV beams with the same absolute values but with opposite signs of their TCs, indicative for the absolute value of the TC. The
particular values of |TC| are denoted in each frame

[105] and references therein). The reader may be interested to refer also to the classical paper describing the formation of periodic
refractive index structures in photorefractive materials [106]. Here we will briefly review our results on the suppression of the
interaction between optical vortices leading to the generation of stable OV lattices.

Analogously to point vortices in fluid dynamics [107, 108], OVs of the same unit TC repel and orbit each other at a rate that is
inversely proportional to the square of the vortex separation distance [109–111]. OVs with opposite TCs translate with respect to the
background beam [111], attract each other and eventually annihilate. From a fundamental point of view, the type of OV interaction,
both in linear and nonlinear media, is dictated by the combined phase structure of the vortices on the broad background beam. In
Hansinger et al. [112] is shown that in the initial stage of nonlinear evolution, regardless of the sign of the Kerr nonlinearity, the
behavior of a pair of vortices is the same as in the linear regime—rotation for equal TCs and translation on the background beam
for opposite TCs. In a self-focusing medium, at a later stage of propagation, this evolution is strongly affected by the change of the
background beam structure.

The possibility to control and stabilize ensembles of OV solitons against rotation and translation by a proper choice of the
topological charge of a “control” OV nested in the center of the ensemble is confirmed numerically in [110]. In the context of this
work, ensemble means a symmetrically ordered structure of equally-charged OVs. Positioning in the ensemble center (namely on
the axis of rotation) an OV with an appropriate sign and value of the TC, one can cancel or even reverse its rotation. Moreover, the
mutual OV solitons’ position remains unchanged. An extension of vortex ensembles to large regular lattices is also analyzed in this
work. Stable large hexagonal OV lattices composed of a simple elementary cell–three equally-charged OV solitons situated in the
apices of an equilateral triangle and a “control” OV with the opposite TC located in the center of the triangle is also found [110]. In
the subsequent theoretical analyses followed by an experiment, we successfully generated a rigid square-shaped OV lattice as well
[113]. The elementary cell of this lattice was composed of four OVs of the same TCs and a central “control” OV with opposite TC.

Both hexagonal and square-shaped OV lattices were reconstructed experimentally using computer-generated holograms. The +
1st or −1st order of the diffraction was weakly focused on the input face of a glass cell containing a thermal nonlinear medium
(slightly absorbing ethylene glycol). The generated OV lattices were stable in space (see Fig. 5 in [113]). In the nonlinear regime, the
periodic intensity modulation created a periodic modulation of the refractive index of the medium, i.e., an effective phase grating
was formed in it. Diffraction of a perpendicularly propagating probe beam from this grating was observed. The formation of stable
OV lattices deserves some attention indeed. In the further course of this review, some intriguing results and some new data on the
transformation of such lattices in the (artificial) far field will be provided.

5 Arithmetics with topological charges of optical vortices

Here we will consider some possibilities to controllably change the TCs of OVs. Different scenarios in both, linear and nonlinear
regime will be discussed.

5.1 Conversion of the topological charge of an optical vortex in a linear process

The transformation of incident OV beam through different types of diffractive optical elements with encoded phase singularities is
studied in [114–116]. In Topuzoski et al. [114], the authors have shown analytically that in the process of diffraction of Laguer-
re–Gaussian beams with zero radial mode number and arbitrary azimuthal mode number �, by a fork-shaped grating with encoded
integer TC p, the diffracted beam carries a topological charge of s � � ±mp in the positive and negative m-th diffraction order. The
experimental data presented in [117] confirm the predicted transformation of the TC of an incident OV beam after diffraction by a
fork-shaped computer-generated hologram: The final TC of the vortex is equal to the TC of the incident beam plus the diffraction
order (including its sign) times the TC encoded in the binary grating. In this experiment, the incident vortex beam was also obtained
by diffraction of a Gaussian laser beam by another fork-shaped hologram. In Fig. 10, we schematically present the interaction
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Fig. 10 Transformation of an input OV beam with a TC � 2 after diffraction from a computer-generated hologram with an encoded singly-charged OV. In
the different diffraction orders m, both the far-field intensities and interference patterns obtained with an inclined plane wave are shown. Notation for the
final TC of the OV is shown below. See the text for details

process and its result. The presented data refer to an incident OV beam with a TC � � 2 and a hologram with an encoded singly
charged OV (i.e., p � 1).

For the −2nd diffraction order (m � −2), the TC transformation rule predicts a resultant TC equal to zero. The upper row of
frames of Fig. 10 shows experimentally recorded intensity distributions in the focus of a lens (i.e., in the artificial far field). The
lower row of frames presents the corresponding interferograms in the far-field obtained with a Mach-Zehnder interferometer. As
seen in the panel corresponding to diffraction in −2nd order, a well-formed single bright peak is obtained at the former position of
the OV dark core in the focal plane of a lens. Within the central part of the corresponding interferogram, parallel interference lines
without any fork-like splittings are seen. This confirms the erasure (annihilation) of the TC. Because of its absence, there is indeed
no reason for the existence of a dark core on the bright background anymore. The theoretical results in [31, 114] for the algebraic
transformation of the TCs of the OVs, as well as for the change of the vortex ring radii of the transformed beams vs. final TC are
found in perfect agreement with the experimental data [117].

A detailed examination of the interferograms obtained in the other diffraction orders shows that the analytically derived rule for
the TC transformation is followed exactly. As expected and evident from Fig. 10, the bright OV ring radii increase with increasing
of the resulting TC. In the full extent of this experiment [117], we generated incident OVs with TCs equal to 2, 3 and 4 and let them,
subsequently, diffract to the far field by other forked gratings encoded with TCs equal to 1 and 2 (see Fig. 10). The normalized OV
ring radii retrieved from the experiment were also found to be in excellent agreement with the theoretical prediction (see Table 2 in
[117]).

The results described in this section raise at least two important questions: (1) Is it possible to erase high topological charges of
OVs in the (artificial) far field and if yes what are the consequences? (2) Is it possible to annihilate a stable optical vortex lattice
consisting of many (for example, several hundred) OVs of alternating topological charges and arranged in different symmetries?
What a pure OV lattice looks like in the artificial far field is another though-provoking question. Answers and additional details will
be given later in this paper.

In Topuzoski et al. [118], another interesting situation is demonstrated both theoretically and experimentally. A background
beam, whose amplitude profile is X-modulated in azimuthal direction (consisting of four bright petals, separated by crossed one-
dimensional dark beams with π phase jumps) is diffracted at a fork-shaped grating encoded with an OV with integer topological
charge p. The X-modulated beam was generated in the first (and higher odd) diffraction orders when a Gaussian laser beam diffracts
in the far field by the so-called four-sector binary grating [119]. As a result of Fraunhofer diffraction of the X-modulated beam by
the fork-shaped grating, it transforms into an ordered array of five vortices. More precisely, it consists of a central vortex (whose
value and sign of its TC depends on the diffraction order m) and four “satellite” vortices situated in the apices of a rotated square.
A particularly interesting case is when |m|� 1 and p � 1 (see Figs. 9 and 10 in [118]). In both, the positive and negative first
diffraction orders, all generated vortices (one central and four “satellite”) have TCs with unit value. The difference is the following:
in the +1st diffraction order the “satellite” vortices have TC � 1 and the central vortex has TC � −1, while in the −1st diffraction
order the “satellite” vortices have TC � −1 and the central vortex has TC � 1. A special case is when the product of the diffraction
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order and the TC encoded in the fork-shaped grating is equal to two. Then a central vortex is absent, but the four “satellite” vortices
(again with TCs of the same value and sign) are present.

We have intentionally drawn the reader’s attention to this experimentally confirmed theoretical model, because the resulting vortex
structure is a rotationally stable elementary cell—the constituent part of a square OV lattice. Similar OV lattices were described in
Sect. 4.

5.2 Nonlinear methods for converting the TCs of OVs

Moving on to the nonlinear methods for converting TCs to OVs, it is natural to start by considering the generation of their second
harmonic. Second-harmonic generation (SHG) is a parametric process in which the orbital angular momentum of a vortex beam is
doubled. When OVs with TCs �1 and �2 are frequency mixed in a second-order nonlinear process, the generated vortex has a TC of
�3 � �1 + �2 [120]. Therefore, as a result of the SHG, the topological charge of an optical vortex should double its value [121–125].
However, since vortices with |TC|> 1 are unstable, weak perturbation can initiate a decay of the second-harmonic vortices into
pairs of singly-charged vortices [53].

In Dreischuh et al. [126], we reported a systematic study of the vortex dynamics in the process of non-phase matched SHG in
an iron-doped lithium niobate crystal. There, SHG is accompanied by different nonlinear processes such as thermal defocusing,
the photorefractive effect, and self- or induced phase modulation. The OVs are generated by passing the laser beam through a
computer generated hologram and selecting the ±1st diffraction order. We employed three different laser sources which enabled
us to distinguish between different nonlinear phenomena induced in the same SHG crystal: a Ti:Sapphire femtosecond oscillator
emitting 140-fs pulses at a wavelength of 845 nm (Case 1), a mode-locked laser emitting 18-ps pulses at 1064 nm (Case 2), and a
Ti:Sapphire amplified system involving a parametric amplifier emitting 150-fs pulses at 1464 nm (Case 3). When the SHG crystal is
photosensitive (in the sense of photorefraction) at both the fundamental and second-harmonic wavelengths (Case 1), the combined
action of the thermal and photovoltaic nonlinearities lead to an alignment of the OVs at the fundamental and the second harmonic in
the near field and to the generation of complex spatial patterns in the far field (see Fig. 4 in [126]). When photorefraction is initiated
in the SHG crystal by the generated second-harmonic beam only (Case 2), the nonlinear self-phase matching is accompanied by a
rotation of a two-color vortex by 90◦ (see Fig. 7 in [126]). In contrast to the previous two cases, in Case 3, under the influence of
positive nonlinearity, we achieved nonlinearly accelerated vortex rotation, as well as spectral broadening of the femtosecond vortices
due to the pump-induced phase modulation. In summary, in the process of SHG of OV beams, their topological charge is doubled,
which, under certain conditions of perturbations, leads to their decay into OVs with unit topological charges.

In [127], the first experimental generation of high harmonics with femtosecond OV beams reaching the extreme ultraviolet is
reported. Despite the fact that this process is non-perturbative, it was expected that the TC of the n−th harmonic is n times the TC
of the OV at the fundamental frequency. The experiment was done with singly-charged OVs. It was found that the two-dimensional
point phase singularity imprinted on the fundamental beam survived the highly nonlinear process. The physical expectation (see
e.g., [128]) that the TC is multiplied by the harmonic order was definitely confirmed in a subsequent experiment [129].

In Hansinger et al. [130], we reported for the first time cascaded nonlinear four-wave frequency mixing with femtosecond
OVs and coherent transfer of their helical point phase singularities over multiple orders. Whereas, the generation of white-light
supercontinuum by vortex beams in CaF2 [131] led to the breakup of the vortex ring into single filaments and destroyed the spatial
coherence of the beam completely, in [130] special attention was paid to the control of the nonlinearity strength to reduce the
effect of filamentation and improve the coherent transfer of the phase throughout the nonlinear cascade. Under the combined action
of non-phasematched four-wave mixing as well as self- and cross-phase modulation, we succeeded to generate complex singular
beams within a spectral bandwidth larger than 200 nm [130]. The topological charge conservation during the nonlinear wave mixing
process was found to be fulfilled. In other words (see Fig. 11), the rule for the transformation of the TCs (�s � 2�1 − �2) follows
the rule for the conversion of the photon energies �ωs � �(2ω1 − ω2). The experimental results are in good agreement with
frequency-domain numerical calculations based on a set of four [132] and ten [130] coupled nonlinear Schrödinger-type equations
for the newly generated spectral satellites. Numerical results from the model with 10 equations are shown in Fig. 11. The particular
data correspond to a singly-charged OV beam/pulse in one of the pump components (m0) and to a Gaussian beam/pulse without any
TC in the other one (m1). Please note that the authors in [130] denoted the TC with m, instead of � as adopted so far in this paper.

The above-mentioned experiment deserves a more detailed description. In order to generate pump beams with sufficient spectral
separation, the 38-fs amplified Ti:Sapphire laser beam is split with a dichroic beam-splitter (see the spectrum in Fig. 11). This
beam-splitter (BS) was the first BS of a Mach–Zehnder interferometer. In each of its arms, vortex phase plates were added/removed.
After additional spectral filtering and recombination with a low-dispersion broadband BS, the vortex beams were then focused
with a spherical mirror into an evacuated gas cell. Nonlinear wave mixing is observed only in the 3-mm-thick fused silica glass
entrance window. The evacuated cell was used to terminate the nonlinear process. The peak intensity inside the entrance window
was estimated to be ∼1.1×1010 W/cm2. After the gas cell, the beam was recollimated and interfered with a broadband reference
beam from a gas-filled hollow-core fiber. For the synchronization in time of the laser pulses, a delay line with a length of some
17 m was aligned. Combination of long- and short-pass filters was used to study the TCs of the vortices in the particular spectral
windows (see Fig. 3 in [130]). In Fig. 12, we show a small part of this published figure based on experimental data, that confirms
the formulated rule for conversion of the TCs.
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Fig. 11 Algebra of vortex TCs due to cascaded four-wave mixing. The experimental double-peak input spectrum is shown in red, together with simulated
intensity (top) and phase (bottom) profiles after nonlinear propagation for the mixing of a Gaussian beam with a vortex of unit TC. The magnitude of the
TC denoted here with mi changes by 1 with the order of the cascading process, which can be seen in the steeper phase spirals further away from the pump
beams. The intensity profile in 3rd order already shows distortion due to strong intensity dependence. Reprinted with permission from [130]. ©The Optical
Society

Fig. 12 Experimental interferograms (upper row) and beam profiles (lower row) for vortex pump beams with TCs +1 and 0 and for the components generated
by the nonlinear four-wave mixing (enclosed frames). The experimental data correspond to the numerical results as shown in Fig. 11. The numbers in the
small boxes indicate the TCs of the vortices. Adapted with permission from [130]. ©The Optical Society

6 Generation of long-range Bessel–Gaussian beams

In this section, we will first discuss the question posed above, namely is it possible to annihilate (erase) highly charged OVs? This
will lead to a, perhaps, surprising application, specifically the generation of Bessel-Gaussian beams (BGBs) of impressive quality.

The intuitive answer concerning the feasibility of the annihilation of highly charged OVs would be yes. However, one should
keep in mind that highly charged OVs are very unstable and they decay into singly charged OVs. By the “high topological charge”
or highly charged OV, we will understand TCs with a value of 10 or more. The experiments we are reporting are done with TCs up
to 50. At these high TCs, the modulation instability is very strong and the decay of these multiply charged states is complete—they
decay into individual OVs with TC of one. Since all TCs have the same sign, their mutual repulsion is strong. As a result, the
OVs tend to arrange in a circle and to broaden the dark core of the bright ring-shaped beam. Interferograms have shown that the
vortices are distributed along the inner arc of the bright ring. There are no phase singularities in its central part. Therefore there is
no reason for the central part of the beam to be “black”. Light can penetrate into the central area and the beam becomes slightly
“gray.” However, the contrast between the bright ring and the dark core remains very high. Moreover, the bright ring-shaped beam
originating from an OV with high topological charge has a large ratio of ring radius r0 to ring width ω0.
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Fig. 13 Experimental setup: Ti:Sapphire laser oscillator emitting in cw regime at a central wavelength of 805 nm. BE – beam expander (magnification factor
of 3); SLM—computer-controlled liquid-crystal spatial light modulator; M—flat silver mirror; L—converging lens with f � 75 cm; CCD camera placed in
the focal plane of the lens L, with the option for following the beam up to 200 cm after the focal plane of the lens. Distance from SLM to M – 10 cm

If such a highly charge OV is created by, e.g., programming the first half of an SLM, the erasure of the TCs of the individual
vortices arranged in a ring can be done on the second half of the same SLM as shown in Fig. 13. The effort to do so is minimal; cw
beam coming from a Ti:Sapphire laser oscillator (central wavelength of 805 nm), reaches the first half of a SLM encoded with a
phase distribution of multiply charge OV. The beam is then redirected by a flat mirror (M) to the second half of the same SLM. This
half is programmed with phase distribution with inverted sign of the TCs. It should be kept in mind that the TC of an OV reverses
upon every refection. Therefore, when a setup with two SLMs is preferred (and there is no intermediate reflection from a mirror), the
second SLM has in fact to be programmed with the same OV phase distribution as the first one. Independent of which experimental
setup is used, the result is an annular bright beam with a large radius-to-ring width ratio and without phase singularities in it.

An intriguing change of the beam shape occurs, when this ring-shaped beam is focused by a thin lens (L). As is well known, this
is equivalent to a Fourier transformation in space, and thus the focal plane is the (artificial) far field. As the Fourier transform of a
narrow ring is a Bessel beam, a Bessel–Gaussian beam is formed from the ring-shaped beam in and after the focus of the lens. If the
TCs of all OVs were erased, a zero-order Bessel–Gaussian beam is formed, if all but one were erased, a first-order Bessel–Gaussian
beam will be formed [133–135]. The method allows for the generation of higher-order Bessel–Gaussian beams as well.

Let us briefly present the corresponding analytical model. In polar coordinates (r , θ ), the amplitude of the electric field E of the
ring-shaped beam where all but � optical vortices are already annihilated can be represented as

E(r , θ ) � exp(i�θ ) exp

{
− (r − r0)2

ω2
0

}
. (4)

Applying the Fourier transformation, we obtain for the electric field amplitude E ′ of the optical beam in the far field

E ′(ρ, ϕ) � ω2
0

2
exp

{
i�(ϕ − π

2
)
}

exp

(
− ω2

0ρ
2

4

)
J�(r0ρ), (5)

provided r0 
 ω0 is fulfilled. Not surprisingly, the residual TC� � determines the order of the Bessel multiplier J�(r0ρ). This term
is multiplied by a Gaussian function. Hence, a Bessel–Gaussian beam is formed. In the particular case of � � 1, this is a first-order
BGB carrying an on-axis OV.

In Fig. 14, a comparison of theoretical results (green curve) and experimental data (red circles) is shown for zeroth- (Fig. 14(a))
and first-order (b) BGBs. The experimental data were recorded after annihilating OVs with a |TC|� 21, 15 cm behind the focus of a
thin lens. The intensity distribution of the BGBs is shown in the upper insets. The lower insets show the respective interferograms.
One can clearly see that for the zeroth-order BGB there is a continuous interference fringe in the central peak, indicating flat phase
front. One can also see that in the dark rings the interference fringes are offset by a half period, which indicates radial phase jumps
of π between the adjacent rings.

In Fig. 15, we show results, for the creation and annihilation of OVs with TCs +25 and −25 and followed by Fourier transformation
of the ring-shaped beam. Again the experimental setup with single phase modulator and two reflections from it was used (Fig. 13).
Each half of the SLM is programmed with the corresponding phase distribution. The measured divergence half-angle of the BGBs
shown in Fig. 15 was 45 µrad.

The analysis presented here and in [133–135] shows that the generated BGBs have negligible transverse evolution up to several
meters due to a divergence on the microradian scale and thus can be regarded as quasi-non-diffracting. The method is much more
efficient as compared to those using annular slits in the back-focal plane of lenses [136–138]. Moreover, at large propagation distances
the quality of the generated BGBs significantly surpasses the quality of BGBs created by low angle axicons as demonstrated in, e.g.,
the supplementary material to [133], as well as Fig. 7 of [134]. The increase of the ring radius to ring width ratio of the beam in the
plane of the focusing lens, obtained by increasing the TCs prior to their subsequent annihilation, leads to a radial shrinking of the
central peak and of the bright rings surrounding it [133]. Also, the shorter the focal length of the lens, the narrower the central peak
of the BGB; however, at the expense of its propagation range [134].
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Fig. 14 Radial profiles of zeroth- and first-order Bessel–Gaussian beams (graphs (a) and (b), respectively) measured experimentally (red hollow circles)
in comparison with theoretical profiles of zeroth- and first-order Bessel beams (solid green curves). Insets—the corresponding intensity profiles and
interferograms visualizing the absence/presence of an on-axis OV and of radial phase jumps. See the text for details

Fig. 15 Longitudinal evolution of BGBs generated by creating an annihilating OVs with TCs +25 and −25 at four distances behind the focus of a lens. For
better visibility, one quarter of each frame is intentionally adjusted in brightness and contrast

In Stoyanov et al. [139], we generated zeroth- and first-order BGBs using a single reflective spatial light modulator in the sub-8-fs
range (see Fig. 1 in [139]). No noticeable consequences for the pulse duration were measured. The only observed effect was a weak
“coloring” of the outer-lying satellite rings of the beams due to the spectrum spanning over more than 300 nm (Fig. 5 in [139]). The
self-healing property of the generated few-cycle BGBs was also confirmed. The obtained beams had diffraction half-angles below
45 µrad and reached propagation distances in excess of 1.5 m. On the other hand, the use of SLMs limits the applicable maximum
average powers and peak intensities. However, this limitation is, to a certain extent, compensated by their great flexibility: By using
SLMs one can vary the TC of the annihilated OVs with ease, thus controlling the order of the generated BGBs but also the size
of the central peak (or ring for higher-order BGBs). If high powers are needed, commercially available phase plates for generating
OVs with high TCs are a possible solution.

7 Formation of arrays of bright beams in the focus of a lens

7.1 Creation and erasure of vortex lattices

In the context of the arithmetics with TCs of OVs, our attention was also attracted by the following set of questions: What is the
spatial profile of an OV lattice in the artificial the far field? Is it possible to erase the alternatively varying topological charges of
many, even hundreds of OVs arranged in such stable optical vortex lattices? And again: what will be the result of that in far field?

Throughout this and the following sections, we will use the terms period of the array, array (lattice) node spacing, and lattice
constant as equivalent, denoting the distance between two neighboring vortices in any vortex lattice. Furthermore, terms OV lattice,
OV array or array of OVs have the same meaning and are interchangeable.

Figure 16 provides some answers to the above questions. In its upper part, we present results of numerical simulations based on
the linear paraxial equation for the slowly-varying optical beam envelope amplitude E

i
∂E

∂(z/Ld )
+

1

2
�T E � 0. (6)
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Fig. 16 Upper part—numerical results. Erasure of all OVs of large square-shaped (upper row) and hexagonal OV lattices (lower row). Panels denoted with
SLM1 show the phase distributions sent to the first SLM. SLM2 and L denote the intensity distributions just after the annihilation of all TCs at the (suitably
programmed) second modulator and the resulting beam in the plane of the focusing lens. The intensities of the recovered bright beams in and after its focus
and the calculated phase portraits are magnified for better visibility. The simulated propagation distance z is measured in units of Rayleigh diffraction lengths
of a single OV. Lower set of frames—experimentally recorded intensity distributions of the recovered bright beams ((a) from a square-shaped OV lattice,
(c) from a hexagonal lattice) and their corresponding interferograms ((b) and (d)). For better visibility all frames are magnified by a factor of 4

Here, the transverse part of the Laplace operator, accounting for diffraction, is denoted by �T , the diffraction length of an individual
OV by Ld � ka2, where k is the wave number and a is the width of an individual optical vortex.

The scenario is the following: A Gaussian laser beam (leftmost panel) enters the optical setup and illuminates the first spatial
light modulator SLM1, programmed with the phase distribution corresponding to a square (upper frame) or hexagonal array (lower
frame) of optical vortices. By convention, the zero coordinate, from which the propagation distance is measured, is at the position
of SLM1 and z is measured in units of diffraction lengths Ld of an isolated OV. Once the corresponding vortex array was created
by SLM1, diffraction is computed until z � 1Ld , where the second suitably programmed modulator SLM2 is reached. After the
reflection at it, all OVs are erased. The subsequent propagation of 2.5Ld up to the converging lens again is governed by diffraction
only. Focusing then is accounted for by adding the thin-lens phase T (x , y) � exp{−ik(x2 + y2)/(2 f )} to the phase of the beam.

From the calculated data on the distributions of the beam intensities at the focal plane, it can be seen that after the erasure of
both optical vortex arrays, well-localized bright beams are restored in the artificial far field. After the focus, they diffract similar
to focused Gaussian beams. The respective calculated phase distributions clearly show the absence of phase dislocations in the
bright peaks. For better visibility, the computed intensity distributions in the simulated focus at z � 40 Ld and 7.5 Ld behind it are
magnified by a factor of 4. The same has been done with the computed phase distributions presented in the most right panels of the
upper part of Fig. 16.

In the lower row of frames in Fig. 16, we provide experimental confirmations for the recovery of a more or less Gaussian beams
after the erasure of square-shaped (SQ-SQ) and hexagonal OV arrays (HEX-HEX). Frames (a) and (c) present experimentally
recorded intensity distributions in the beam’s foci. In the case of erasing the square OV array, faint satellite beams are seen which
could be weak higher diffraction orders from the array itself. Around the focal peak obtained by annihilating the hexagonal array,
no such satellites are visible. Frames (b) and (d) in the same figure present interferograms of the respective beams in the focus.
Close examination of the interferograms shows continuous interference fringes across the peaks and confirms that there are no phase
dislocations in these focal peaks.

7.2 Vortex lattices in the far field

Toward the end of this section, we will try to answer the question how an OV lattice looks like in the artificial far field [140, 141]?
Let us start with the relatively simple case of square lattice of OVs with alternating unit TCs. This case is illustrated in Fig. 17. In
its left part (a), results of numerical simulations based on Eq. 6 for lattice constants 41 pix. and 21 pix. are presented.

The two leftmost frames labeled with “L” show the simulated intensity distributions of the OV arrays in the plane of the focusing
lens. Again, the simulated free-space propagation from the (virtual) SLM modulating the Gaussian beam to the lens is z � 1Ld .
Throughout the propagation, the dark beams remain modulated down to zero intensity. When a square array of OVs is present in the
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Fig. 17 Transformation of square-shaped OV lattices in the artificial far field. Left set of frames (a) numerically calculated intensity distributions of the OV
lattices of different periods in the plane of the lens, followed by the respective intensity and phase distributions in its focus. (b) Experimentally recorded
focal structure (b1) and interference pattern (b2) of a square-shaped OV array with a period of 21 pix

Fig. 18 Transformation of hexagonal OV lattices in the artificial far field. Left set of frames (a) numerically calculated intensity distributions of the OV
lattices of different periods in the plane of the lens, followed by the respective intensity and phase distributions in its focus. (b) Experimentally recorded
focal structure and interference pattern of a hexagonal OV array with a period of 41 pix

plane of the lens, four axisymmetric bright peaks are observed in its focal plane in the simulations. They are located at the apices
of a quadrangle. It is also seen that the OV lattice with the smaller period (the distance between two neighboring vortices in the OV
array) leads to a focal array with more distant peaks, as compared to the one with a larger period, where more closely spaced peaks
can be observed. This is easy to understand by recalling that the thin focusing lens performs a Fourier transformation in space, and
for the Fourier transformation the scaling theorem holds (“wide” functions in the space domain correspond to “narrow” functions
in the spatial frequency domain). The rightmost distributions present the calculated phase distributions of the beams in the focal
plane of the lens. A closer look reveals that the phases of the bright beams are flat, and the optical vortices are located in the dark
area between them. The two frames shown in panel (b) of Fig. 17 are the corresponding experimental data using a square-shaped
OV array with a period of 21 pix. The quadrangle structure of well-formed bright peaks is clearly visible (b1), although there is a
residual weak signal in the center, presumably it is zero-order diffraction from the vortex array. The corresponding interferogram
(b2) shows straight interference lines at the positions of the peaks, thus confirming their flat phase fronts.

Analogous to the preceding discussion, Fig. 18 is devoted to the transformation of a hexagonal OV lattices in the artificial far
field. The simulations (left panels) show that three bright beams situated in the apices of a triangle are formed when such an OV
array is present in the plane of the lens. This is confirmed by the experiment (right panels). However, three weak satellites are present
as well, see panel (b1). The OV-to-OV separation in the experiment was 41 pix. The numerical data for the intensity distribution in
the artificial far field again show a nice manifestation of the scaling theorem. Also, the prediction that the phase fronts of the bright
peaks are flat is confirmed by the straight interference lines at the positions of the three beams in Fig. 18b2. When the signs of all
topological charges are inverted, the same triangular structure of beams will be observed in the focal plane, however rotated by 180◦.
Such rotation is not possible in case of square OV array, since it is due to the characteristic symmetry of the hexagonal OV matrix.

7.3 Mixing of vortex lattices

It is natural to expect that OV arrays of different types can also be mixed. This has been worked out in [139, 142, 143]. Similar to
the previous subsections, phase distributions encoded on the two halves of the SLM (see Fig. 13) are superimposed. However, now
the goal is not to erase all vortices; rather two OV arrays with different lattice constants and/or symmetries will be superimposed.
Of course, this mixing takes place before the beam is focused by the lens.

We will start with the simplest case of mixing two square OV arrays, then we will proceed with mixing two hexagonal arrays,
and finally a square array will be mixed with a hexagonal one. Figure 19 displays the results of two series of experiments for the first
case. The same experimental setup as shown in Fig. 13 is used. In each series, the square OV array on the first half of the SLM (for

123



Eur. Phys. J. Plus         (2023) 138:702 Page 19 of 28   702 

Fig. 19 Experimental results showing the far-field pattern formation for two mixed square OV lattices. The two rows of the figure show two series of
experiments. For each series, the lattice created by the first half of the SLM is kept constant with lattice constants of 41 and 61 pix (green letters). The
lattice constant of the second lattice is varied between 41 and 151 pix (yellow letters). The yellow dashed squares are intended to guide the eye, showing the
shrinking of the small-scale structures with the increase of the lattice node spacings on the second half of the SLM. The apices of the green squares points
to the “center of the masses” of the small-scale structures

simplicity we will refer to it as SLM1) was kept constant with an OV spacing of 41 and 61 pixels, respectively. On the second half
of the SLM (SLM2), a square array with varying OV node spacings was programmed. The first thing to notice is that we reproduce
the result of Sect. 7.1 in case both arrays have the same lattice constant: Then the OVs from the first half of the SLM are annihilated
by those from the second half and a single Gaussian beam similar to the input beam emerges (first panel in the first row and second
panel in the second row). Another observation is that it is irrelevant for a given pair of OV arrays which of both is programmed on
SLM1 or SLM2. Accordingly, the second panel in row 1 shows the same far-field pattern as the first panel in row 2.

The cases of interest are two square OV lattices with different lattice constants. In order to reveal their behavior, the lattice
constant on the second half of the SLM is changed between 41 and 151 pixels. As expected, having the convolution theorem in
mind, one gets two square patterns of different dimensions nested into each other. We can distinguish large-scale square array of
peaks, composed by four identical small-scale patterns (see the yellow dashed squares in Fig. 19). The quickest way to recognize
what is going on in detail is to start watching the series with the largest lattice constant (151 pix.) on SLM2, i.e., to follow the row
of panels from right to left. According to the scaling theorem, the largest lattice constant on SLM2 produces the smallest features
(small-scale structures) in the far-field. These are the yellow dashed squares in the apices of a large (imaginary) square. As the lattice
constant on the SLM2 shrinks, the size of the yellow squares grows. In contrast, the size of green dashed square (see Fig. 19) does
not change within each row, corresponding to the fact that the OV lattice node spacing on SLM1 remains the same. However, their
size in both rows is different, in fact in the ratio 41/61—once again a manifestation of the scaling theorem. The apices of the green
squares are actually pointing to the “center of the masses” of the small-scale structures. The shrinking of the small-scale pattern
leads to an seemingly overall shrinking of the large scale.

Let us compare two frames from one column of frames in Fig. 19 (for example these for a distance of 101 pix. on SLM2). It
can be seen that the vortex array with the larger period on SLM1 gives more transversely concentrated peaks in the focus. In both
frames, the size of the small-scale structure is unchanged, but the overall size of the large-scale structure is different. To sum up,
one can control both the small-scale pattern and the large-scale pattern by a proper choice of the constants of the used lattices.

In Fig. 20, we present experimental data obtained when two hexagonal vortex arrays, again with different periods, are programmed
on the two halves of the SLM. For the upper row of frames, Fig. 20a, the observed large-scale structure in the focal plane is triangular.
At the apices of the (imaginary) triangle, the small-scale structure of beams is triangular as well. Again, the observed behavior is well
explained by the similarity and convolution theorems. The data in the second row of frames in Fig. 20b are obtained by changing
the signs of all TCs of all OVs of the hexagonal lattices with larger periods (61–151 pix.). As a result, all small-scale structures are
rotated by 180◦, while the large-scale structure keeps its orientation. Already at this point, the reader quite likely is convinced that
the variety of structures in the focal plane can be controllably generated using an appropriate type of array, array node spacing, as
well as the signs of the TCs of the OVs forming the array as control parameters.

An even greater variety of far-field structures can be obtained by the mixing OV lattices of different symmetry and period,
here demonstrated with square-shaped and hexagonal OV lattices. Figure 21 shows experimentally recorded far-field bright beam
intensity distributions obtained by varying the node spacing of the square-shaped OV lattice and keeping the period of the hexagonal
OV lattice constant (row (a)). The opposite case, where we vary the period of the hexagonal OV lattice while the period of the square
OV array is kept unchanged is presented in row (b).

In case (a), the hexagonal lattice period is 41 pix. One can clearly see, that for OV-to-OV spacing of 21 pix. for the square OV
lattice (row (a), left frame) the far-field beam profile has a triangular small-scale structure. This means that the small-scale structure
is a result of the hexagonal OV lattice, which has larger node spacing of 41 pix. The large-scale focal structure is diamond-shaped
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Fig. 20 a Experimental results showing different focal arrays of bright beams observed by mixing hexagonal OV lattices of node spacings denoted to the
left of the row and in the left corner of every single frame. b Same as case (a), however the data are obtained by changing the signs of all TCs of all OVs of
the hexagonal arrays with larger periods. As a result, all small-scale structures are rotated at 180◦. See text for details

Fig. 21 Experimentally-recorded far-field beam reshaping by varying the node spacing of the square-shaped (row (a)) or of the hexagonal OV lattice (row
(b)). In case a the hexagonal lattice node spacing is �hex � 41 pix. and � � �sq/�hex varies between 0.5 and 3.7. In case b �sq � 21 pix. and � varies
between 0.5 and 0.17. This figure is first published in [143] as Fig. 7 and is reproduced here under a CC BY license

with four of the mentioned triangular small-scale structures in its apices. Thus, the large-scale structure is formed by the square
OV lattice with the smaller node spacing of 21 pix. Very intriguing is the other limiting case, shown in the most right frame of
Fig. 21a: The OV-to-OV spacing of the square-shaped lattice is increased to 151 pix. The change in the symmetry of the structure
is impressive. The small-scale structure becomes diamond-shaped. Three such structures are ordered in a triangle-like large-scale
structure.

The experimentally recorded frames shown in row (b) in Fig. 21 provide yet another beautiful manifestation of the by now
frequently cited similarity theorem: For a lattice node spacing of the hexagonal OV array larger than the one for the square array
(hexagonal lattice from 41 to 121 pix. and square lattice node spacing fixed to 21 pix.) the result is shrinking of the small-scale
(triangular) structures in the far-field. It is important to note, that a reversal of the phase distributions of the square-shaped and
hexagonal OV lattice encoded on the two halves of the SLM will only change the orientation of the triangular small-scale structures
but it will not affect the overall composition of the focal array [143].

Without overloading this review with too much detailed information, we would like to briefly further mention that the results
presented in [135] for triple mixing of square-shaped and/or hexagonal OV lattices substantially expand the results described up
to this point. They are clear manifestations for the possibility to create a rich variety of focal arrays composed of bright beams.
The OV lattice node spacing, independently of the type of the used OV lattices and independently of its orientation (rotation),
can serve as a control parameter [135]. In the same work, besides the already commented large-scale and small-scale structures
resulting correspondingly from the OV lattices with smaller period and from the OV lattice with the larger period, there is also a
third intermediate-scale focal structure determined by the medial OV lattice period (independent of the OV lattice type—square
or hexagonal.) This is in agreement with the similarity theorem of Fourier transformation. The possibility for an additional beam
structuring of each of the peaks of the focal arrays by hosting one-dimensional and quasi-two-dimensional phase dislocations or
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Fig. 22 Far-field intensity distribution of square-shaped OV lattice with |TC|� 1, 2, 3, 4, and 5, and node-spacing 41 pix., Fourier-transformed by a thin lens
with a focal length f � 75 cm. Yellow dashed square denotes the small-scale structure in each case. Rightmost frame—demonstration of the possibility for
additional sculpting of the focal beams. The interference pattern confirms the existence of singly-charged OV with the same sign in each focal beam

even a singly-charged OV was also proven and demonstrated in the Supplementary material to [135], as well as in Fig. 6 in [142]
and in Figs. 4 and 6 in [143]).

8 Focal beam sculpting using OV lattices with higher TCs

So far we have demonstrated the rich possibilities for the controllable generation of ordered focal structures by using square and/or
hexagonal OV lattices. As shown, such lattices could be mixed, which in turn leads to a whole new sets of ordered focal arrays. We
commented on two reliable control parameters: the type of the used OV lattices and its node spacing. In this section, we will present
results showing that an additional third degree of freedom is available, namely the increase of the absolute value of the TC of every
single OV in the lattice. The possibility for additional structuring of every single peak will also be presented and discussed. As in
the previous, relatively simpler cases, such OV lattices can be mixed with other OV lattices with (unit or higher) TCs.

We already introduced in Fig. 13 the experimental setup which we also used to generate the ordered focal structures coming
from optical vortex lattices with TCs higher than 1. We will briefly remind its basic concept. The cw beam from a Ti:Sapphire laser
oscillator emitting at a central wavelength of 805 nm is expanded by a beam expander (BE) with a magnification factor of 3. Then,
the beam reaches the first half of the computer-controlled liquid-crystal SLM, encoded with the phase profile of an OV lattices with
|TC|� 1 or higher. The beam then is redirected by a flat mirror (M) to the second half of the appropriately programmed SLM. On
the second half of the SLM, again depending on the desired focal structure, different phase distributions can be used (or it can be
used as a flat mirror). The point of interest is in the focal plane of the lens L ( f � 75 cm), where a CCD camera is placed. As
already mentioned, when using square-shaped OV lattices, the order of projecting (encoding) the phase distribution on the SLM is
not playing an important role in forming the desired focal arrays.

The projected OV lattices on the SLM are synthesized numerically by arranging OVs in periodic square-shaped arrays with
alternating signs of their TCs, where the absolute value of the TCs varies from 1 to 5. The resulting far-field structures composed by
ordered bright peaks are presented in Fig. 22. The clearly visible result of increasing the TCs of the initial vortices is the change in
the number of peaks and the size of the focal structure. The explanation, with a high degree of credibility, may be the following. Each
OV with a high TC decays into OVs with single TCs and they interact in a symmetric potential, causing a complex but symmetric
change of the initial array of OVs. The yellow dashed square is intended to mark one small-scale pattern. Its size remains unchanged
since the OV lattices constants does not change. The much richer pattern of bright peaks is only due to the increase of the absolute
value of the TCs forming the OV lattices. Interestingly, at higher TCs there is a regular modulation of the intensity of the individual
peaks.

Similar to the simple arrays of focal beams (see e.g., Fig. 8 in [140] and Fig. 4 in [143]), here in the right panel is presented the
case of additional structuring of each focal peak with a single-charged OV. This was done by programming a second half of the
SLM with the phase of an OV with |TC|� 1. The result is the sculpting of each focal peak with a singly charged OV evident by the
splittings in the interference lines over the OV core. The fork-like splitting of the interference lines, always downwards, shows that
each peak carries a singly charged OV and the signs of all OVs are the same.

Analogous to the already commented cases of mixing different types of OV lattices, here we show that OV lattices with (unit or
higher) TCs can also be mixed. In Fig. 23, this is demonstrated by an experimental example of mixing square-shaped OV lattices with
node spacings 41 pix. and 81 pix. but with an increase of the TCs of the individual vortices in one of the lattices. We programmed
the first OV lattice denoted as Sq.81 on the first half of the SLM, and the second OV lattice denoted with Sq.41 on the second half.
These notations are used in Fig. 23 presenting the observed focal peak structures in the artificial far-field. All vortices constituting
the lattice Sq.81 are with unit TCs. The Sq.41 is the same lattice used to obtain the data shown in Fig. 22. We varied the TCs from 1 to
5. As mentioned, in recording the results shown in Fig. 23 the OV lattice of larger period (81 pix.) remains unchanged. This explains
the observation that the size of the small-scale focal structure remains constant. The convolution theorem is reflected in the size and
form of the large-scale structure with increasing the TCs of the OVs in the array with a period of 41 pix. This large-scale structure is
becoming richer with increasing the TCs. Denoting it “richer,” we also mean that in some parts of the multi-peak distributions the
intensities of groups of peaks are lower; however, not chaotic, but in regular structures.
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Fig. 23 Far-field intensity distributions of the focal arrays coming from the mixing of square OV lattice with node spacings 81 pix. and alternating signs of
the |TC|� 1 and second square OV lattice with node spacings 41 pix. with alternating TCs with different values |TC|� 1, 2, 3, 4, and 5

In the sense of the new results shown in Fig. 22 and 23, we could formulate the following partial conclusion. The structures
composed of bright focal peaks in the artificial far field can be shaped by using OV arrays with different symmetries (square,
hexagonal, inverted hexagonal), changing the node spacings of each array individually, mixing twice (or even three times [139])
OV lattices, or by changing the absolute values of the TCs of the OV, of which the lattices are arranged. Last but not least, by fine
structuring every focal peak with a desired singular beam (one-dimensional, quasi-two-dimensional or two-dimensional (OV)).

9 Generation of arrays of Bessel-Gaussian beams in and behind the focal plane of a lens

Let us briefly recall the approach used for generating Bessel-Gaussian beams (BGBs). As described in Sect. 6, first an OV with
a high TC is generated. This OV breaks up into many singly charged OVs, arranged such that a ring-shaped beam with a large
radius-to-ring width ratio develops. All the vortices are then annihilated and the ring-shaped beam is Fourier-transformed in space
by focusing it with a thin lens. In this way, long-range BGBs of very low divergence are obtained in and after the focal plane of the
lens. Let us also recall how a relatively simple focal structure of bright beams is generated (see, e.g., Fig. 17 in Sect. 7). As a first
step, a square-shaped (or hexagonal) array of OVs with alternating TCs has to be generated. Thereafter, it is Fourier-transformed in
space by a thin converging lens.

With both in mind, an interesting question arises: Is it possible to combine these two simple recipes in order to generate arrays
of long-range Bessel-Gaussian beams? This is the essence of the new results to be presented in this section.

To show this, we use again the experimental setup introduced in Fig. 13. As a first step, we generate a simple square-shaped OV
lattice with OVs of unit TC but alternating signs. The corresponding phase distribution is shown on the upper left frame of Fig. 24.
A relatively small node spacing (21 pix.) was chosen in order to ensure a clear separation of the expected BGBs (small node spacing
of the OV lattice in the near field results in large focal peak separation in the far field and vice versa).

Next, one of the OVs in the OV lattice’s phase distribution, preferentially one in the center of the lattice/beam, is replaced by a
highly charged OV. The respective quite complex phase distributions for |TC|� 20 or 30 are shown in Fig. 24. According to the
recipe for the generation of BGBs, we need to erase the highly charged OV on the second half of the SLM (or on the second SLM, if
two SLMs are available) by programming it with an oppositely highly charged OV. However, the OV lattice must be kept. Therefore,
for the above examples, only 19 or 29 TCs should be erased, such that nominally the phase distribution of simple square lattice is
restored (although the intensity distribution has been disturbed quite heavily).

The final step of the beam shaping is to focus the beam with a thin lens. The result is shown in the second and third column of
frames in the lower part of Fig. 24: Four BGBs arranged in the characteristic diamond-shaped pattern. They are recorded at distances
of 20 cm, 30 cm, and 40 cm behind the focal plane of the lens. For comparison and as a proof of the low divergence of these BGBs
the evolution of the four beams generated by the “pure” square-shaped OV array are displayed at the same distances after the focus
of the lens (Fig. 24, left column of frames). The comparison of the BGBs at equal distances from the focal plane shows another
familiar trend: The higher the encoded (and subsequently erased) TC, the narrower the central peak of the zeroth-order BGBs.

In Sect. 6, in the discussion on BGBs, eventually also first-order BGBs were discussed, i.e., hollow BGBs with an embedded OV.
Therefore, it is natural to ask, which phase distribution one should use in order to produce an array of first-order BGBs. Probably,
the answer is as natural as the question: In the end, we need to have the phase distribution of, e.g., square lattice, where one OV is
missing in the center. This can be realized by starting with on the first half of the SLM as before, i.e., with a square OV array, where
a central OV is replaced by a highly charged OV, for instance |TC|� 30. On the second half of the SLM, the highly charged OV is
removed completely, such that no vortex remains in its former position in the lattice. Indeed, after focusing, an array of first-order
BGBs appears as shown in Fig. 25.

So far, we took care that the BGBs of our BGB array were spatially well separated in order to avoid that the rings enclosing
the individual Bessel beams would overlap. This was achieved by using a small lattice constant (21 pix.). Of course, the opposite
case is interesting, too (Fig. 25, right column). By using a lattice constant of 41 pix, the separation of the BGBs can be halved. As
a consequence, the rings surrounding the BGBs start to overlap and produce a rich interference pattern. Interestingly, the central
beams remain stable.
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Fig. 24 Upper row of frames—typical phase distributions encoded on the first half of the SLM. Left to right—pure square-shaped OV lattice with node
spacings 21 pix., same OV lattice with one (central) OV calculated to be with |TC|� 20, or with |TC|� 30 (last frame on the row). Captions below—the
corresponding phase distributions encoded on the second half of the SLM in order to annihilate the central highly charged OV from the OV lattice. Below
the line—Generation of arrays of zeroth-order long-range Bessel-Gaussian beams followed up to 40 cm behind the lens’s focus and comparison of their
longitudinal evolution with the evolution of a pure square-shaped OV lattices of the same period (leftmost column of frames)

The results shown in this section are strong confirmation in favor of the idea that the developed method for generating zeroth- and
first-order long-range Bessel–Gaussian beams behind the lens’ focus can be successfully combined with the formation of ordered
structure of focal peaks in the artificial far-field, resulting in arrays of low divergent long-ranged Bessel–Gaussian beams in and
behind the focal plane of a lens.

10 Conclusion

In this review, we have tried to give an impression of the vast opportunities to manipulate and shape the propagation of light by vortices.
The presentation has been made from the perspective of the experimentalist and kept at an largely elementary level. Likewise, the
necessary optical elements and equipment (e.g., spatial phase modulators, phase plates, beam profilers) are not particularly complex,
but are available in many laboratories. Future experiments and potential applications thus are only limited by the imagination of the
researchers.

One possible direction of research we are planning to explore is controllable beam splitting and reversed beam recombination
after a nonlinear process in the vicinity of the focal plane. Another interesting problem is related to the possible reshaping of low
even and odd harmonics of Bessel–Gaussian beams in space. The optimization of long-range Bessel–Gaussian beams and of arrays
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Fig. 25 Generation of zeroth- and first-order long-range arrays of Bessel–Gaussian beams by annihilating one central OV with |TC|� 30 of square-shaped
OV lattices with node spacings 21 pix. (left column of frames) and 41 pix. right column of frames. The labels to the left of each column of frames indicate
the TCs of the OVs encoded on the second SLM, which partially or fully erase the highly charged OV in the center of the OV lattice array encoded on the
first SLM

of such beams may appear interesting for future free-space communications. Some of the mentioned approaches may appear suitable
for new mode division multiplexing/demultiplexing schemes.
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