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Nonlinear polarization rotation and orthogonal
polarization generation

experienced in a single-beam configuration
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Nonlinear polarization rotation and generation of a polarization component orthogonal to the input beam were
observed along fourfold axes of YVO4 and BaF2 crystals. We demonstrate experimentally that in both crystals
the angle of rotation is proportional, at low intensities, to the square of the product of the input intensity and
the crystal length and is the result of simultaneous action of two third-order processes. This type of nonlinear
polarization rotation is driven by the real part of the cubic susceptibility. The recorded energy exchange be-
tween the two orthogonal components can exceed 10%. It is to our knowledge the highest energy-conversion
efficiency achieved in a single beam nonresonant x (3) interaction. A simple theoretical model is elaborated to
describe the dependence of nonlinear polarization rotation and orthogonal polarization generation on the in-
tensity of the input beam at both low- and high-intensity levels. It reveals the potential contributions from
the real and the imaginary parts of the susceptibility tensor. Moreover, this kind of measurement is designed
to permit the determination of the magnitude and the sign of the anisotropy of the real part of third-order
nonlinearity in crystals with cubic or tetragonal symmetry on the basis of polarization-rotation measurements.
The xxxxx

(3) component of the third-order susceptibility tensor and its anisotropy sign and amplitude value for
BaF2 and YVO4 crystals are estimated and discussed. © 2004 Optical Society of America

OCIS codes: 190.0190, 190.4380, 190.4410, 190.4720, 230.5440, 160.4670.
1. INTRODUCTION
In general, light propagating through nonlinear crystals
experiences nonlinear polarization rotation and induced
ellipticity.1,2 If we restrict ourselves to a nonlinear
change of the polarization state in nongyrotropic crystals,
we find in the literature1–6 experimental and theoretical
evidence that nonlinear polarization rotation is propor-
tional to the imaginary part of x (3) anisotropy, whereas
induced ellipticity is due to the real part. Although sev-
eral theoretical analyses7–9 have predicted that nonlinear
polarization rotation can also exist in nondissipative cubic
crystals, to our knowledge no experimental investigation
has supported such a prediction. In a previous letter10

we reported the existence of such a type of polarization ro-
tation in YVO4 .

Here we investigate both theoretically and experimen-
tally the effects of nonlinear rotation and orthogonal po-
larization generation that are due to Re@x(3)# in a single-
beam scheme, in a much bigger intensity range in both
BaF2 and YVO4 crystals, demonstrating that in such ex-
periments the achievement of 10% cross-polarized wave
conversion and of polarization rotation of as much as 8° is
possible.

This paper is organized as follows: In Section 2 we de-
scribe (i) the theoretical background of a process that gen-
erates a wave with an orthogonal polarization component,
0740-3224/2004/091659-06$15.00 ©
called a cross-polarized wave (XPW), and (ii) the effects of
nonlinear rotation in cubic and tetragonal crystals based
on Re@x(3)#. This is a further development of the model
presented in Ref. 10, in which only small intensities were
considered. Here we predict theoretically for the first
time that rotational dependences will have a saw-toothed
shape. In Section 3 we describe the experimental setup
and the results of measurements of BaF2 and YVO4 crys-
tals, namely, both the efficiency of generation of orthogo-
nally polarized waves and the nonlinear polarization ro-
tation. Estimation of the value of xxxxx

(3) and of the
anisotropy of the third-order nonlinearity for YVO4 is also
given in the same section. The experiment confirmed the
saw-toothlike form for the dependence on rotation of the
XPW’s efficiency and of the nonlinear rotation on the
angle between the input polarization and the crystal axis.

2. THEORETICAL BACKGROUND
To describe the effects of polarization rotation and of the
generation of orthogonal polarization components in cubic
(and tetragonal) crystal with 4/mmm (and m3m) point
group symmetry we consider, in the slowly varying enve-
lope approximation, plane-wave propagation equations in
which linearly polarized light enters a crystal along the
crystal’s fourfold axis [001]. Linear absorption is ne-
glected, and the coordinate system is defined relative to
2004 Optical Society of America
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the direction of the input polarization. The equations
that describe self-phase modulation of copolarized compo-
nent A to the input wave and the orthogonal polarization
component with amplitude B are written, on the condition
that uBu ! uAu (i.e., neglecting depletion of wave A, self-
phase modulation of wave B, and the possible effects of
cross-phase modulation) as

dA

dz
5 2ig iuAu2A, (1a)

dB

dz
5 2ig'uAu2A, (1b)

where g i 5 g0@1 2 ( s/2)sin2(2b)# and g'

5 2g0( s/4)sin(4b), with g0 5 (6p/8ln)xxxxx
(3) and s

5 @xxxxx
(3) 2 2xxyyx

(3) 2 xxxyy
(3) #/xxxxx

(3) the anisotropy of the
x (3) tensor.1,11 Angle b is the angle between the input po-
larization and the [100] axis.

In general, coupling coefficients g i and g' are complex
quantities: g i 5 g i8 1 ig i9 and g' 5 g'8 1 ig'9. The
solutions of Eqs. (1) with initial conditions B(0) 5 0 and
A(0) 5 A0 (A0 is assumed to be real) are

A 5 A0 exp~2ig iA0
2L !, (2a)

B 5 A0~g' /g i!@exp~2ig iA0
2L ! 2 1#. (2b)

Using solutions (2), we consider separately the efficiency
of XPW generation and the change of the polarization
properties of the input wave A that are due to induced el-
lipticity and to nonlinear polarization rotation. Neglect
of the depletion of wave A implies that solutions (2) and
associated formulas can be applied only for XPW efficien-
cies not bigger than 10% and rotation angles smaller than
15°.

A. Efficiency of XPW Generation
From Eqs. (2) we find the following expression for the ra-
tio of the two orthogonal polarization components (i.e., ef-
ficiency of XPW generation) at the output of the sample:

h 5 UB
A
U2

5 uDu2@1 1 exp~22F9! 2 2 exp~2F9!cos~F8!#,

(3)

where F8 5 g i8A0
2L is the nonlinear phase shift accumu-

lated by wave A. Because it is a dimensionless quantity,
F8 will be used as a normalized intensity factor. For con-
venience we also introduce

F9 5 g i9A0
2L, D 5

g'

g i

5 2
1

4 F s sin~4b!

1 2 ~ s/2!sin2~2b!
G .

(4)

For purely real cubic nonlinearity and arbitrary input
power,

h 5 4S g'8

g i8
D 2

sin2~g i8A0
2L/2!. (5)

We show in Fig. 1(a) the angular dependence of h for both
high- and low-intensity excitation and opposite signs for
anisotropy. At low level intensity (when F8 ! 1), the
angular dependence of h on b reduces to a pure sin2(4b)
law5,10:

h 5 ~g'8!2A0
4L2. (6)

For relatively high intensity (when F8 ' modulo p), the
dependence of h on b deviates strongly from a sin2(4b)
law. This dependency measurement allows one to find
the sign of anisotropy s.

In Fig. 2 the dependence of the generation efficiency of
the orthogonal component on power is shown. It turns
out that, in a plane-wave approximation, the maximum

Fig. 1. (a) Dependence of the efficiency of XPW generation on
crystal rotation and (b) dependence of induced nonlinear polar-
ization on crystal rotation for two intensity levels, F8 5 0.4 and
F8 5 4, and two values of anisotropy, s 5 1 and s 5 21. Each
dashed line represents an angle for which the input polarization
coincides with the indicated crystallographic axis.

Fig. 2. Dependence of the efficiency of XPW generation on nor-
malized input intensity F8 for a nonlinear medium with predomi-
nantly real cubic nonlinearity. Angle b 5 22.5°.
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achievable conversion into a XPW depends only on the ab-
solute value of anisotropy coefficient s. Indeed, for nor-
malized intensity F8 5 p and b 5 p/8,

hmax 5 S 2s

4 2 s
D 2

. (7)

For a nonlinear medium that has predominantly imagi-
nary nonlinearity (g i8 ! g i9; g'8 ! g'9) the ratio of the
intensities of the two orthogonal components is defined by

h 5 S g'9

g i9
D 2

@1 2 exp~2g i9A0
2L !#2. (8)

At low intensity levels, Eq. (8) is transformed into h
5 (g'9)2A0

4L2. At these intensity levels the orthogo-
nally polarized component is a direct result of the nonlin-
ear rotation of the input wave with angle d0 5 g'9A0

2L
(see, e.g., Ref. 3), and then the ratio of the intensities of
the two polarization components will be sin2(d0) ' d0

2, ex-
actly as given by the low-intensity limit of Eq. (8). At
high intensity (F9 @ 1) this ratio becomes constant; it
does not depend either on the length of the medium or on
the intensity: h 5 (g'9/g i9)2.

Huge differences between the behavior of the real and
the imaginary components of the susceptibility tensor are
in evidence. From these differences, one can conclude
that the real or imaginary part of the third-order suscep-
tibility is responsible for the effect of XPW generation.

B. Induced Ellipticity and Nonlinear Polarization
Rotation
The fundamental beam going through the crystal changes
its polarization properties: It experiences nonlinear ro-
tation and induced changes in ellipticity.

Angle d0 of the main elliptical axis position and ellip-
ticity angle e at the output of the nonlinear medium can
be found12 with the help of the relations

tan~2d0! 5 2 Re~G!/~1 2 uGu2!, (9)

sin~2e! 5 2 Im~G!/~1 1 uGu2!, (10)

where G 5 B/A is the ratio of the complex amplitudes of
the two orthogonal components.

For the general case of complex third-order nonlinear-
ity, solutions for the induced rotation and ellipticity are

tan~2d0!

5 2
Re~D ! 2 @Re~D !cos F8 2 Im~D !sin F8#exp~2F9!

1 2 h
,

(11)

sin~2e!

5 2
Im~D ! 2 @Im~D !cos F8 1 Re~D !sin F8#exp~2F9!

1 1 h
.

(12)

For predominantly real x (3) and arbitrary input intensity,
Eqs. (11) and (12) are transformed into
tan~2d0! 5 4
~g'8/g i8!

1 2 h
sin2~F8/2!,

sin~2e! 5 22
~g'8/g i8!

1 1 h
sin F8. (13)

We recall that these expressions coincide, for small inten-
sities (F8 ! p), with those that were published in Ref.
10:

tan~2d0! ' g'8g i8A0
4L2, sin~2e! ' 22g'8A0

2L.
(14)

The prime conclusion that can be deduced from Eqs. (14)
is that measuring d0 or e at a low intensity level leads to
knowledge of the sign and the magnitude of anisotropy s.
Measurement at b 5 122.5° results in

s 5 4/~1 2 2d0 /e2!. (15)

Furthermore, Eqs. (14) demonstrate that the nonlinear
polarization rotation is proportional to the square of the
cubic nonlinearity of the medium $Re@xxxxx

(3) #Re@xxxxx
(3) #%.

This is a direct indication that this nonlinear polarization
rotation is a result of two interlinked x (3) processes that
are frequently called third-order cascaded process.13–17

The two third-order interlinked processes are those de-
scribed by Eqs. (1), namely, self-phase modulation of the
input wave and the generation of a XPW wave by four-
wave mixing. In the high-intensity regime (F8
. 1) the rotational patterns (b dependences) change
drastically. Several examples of rotational patterns for
predominantly real x (3) media are shown in Fig. 1(b).

For nonlinear media that have predominantly imagi-
nary nonlinearities (g i8 ! g i9; g'8 ! g'9) the input lin-
early polarized wave does not lead to any ellipticity
@sin(2e) 5 0#, and the induced rotation becomes

tan~2d0! 5 2S g'9

g i9
D @1 2 exp~2g i9A0

2L !#

1 2 h
. (16)

At low intensity, Eq. (16) is transformed to the known
expression3

tan~2d0! 5 2g'9A0
2L. (17)

Thus, comparing Eqs. (14) and (17), we can see that the
induced polarization also strongly depends on the charac-
teristics of the nonlinearity: the dependence is quadratic
for pure real x (3) and linear when the rotation is due to
the imaginary part of x (3).

3. EXPERIMENT
The experiment was performed with a single beam that
propagates along the z axes of [001]-cut yttrium vanadate
(YVO4 ; 4/mmm point group symmetry) and barium fluo-
ride (BaF2 ; m3m point group symmetry). The z axes of
these two crystals have fourfold symmetry, and they have
no linear optical activity. Two samples of BaF2 were
available from different producers. The length of each
sample was 0.9 mm. The setup consisted of a colliding-
pulse mode-locked dye laser (maximum energy, 60 mJ; du-
ration, 100 fs; frequency, 10 Hz; wavelength, 620 nm), an
input polarizer, and an output analyzer. The laser beam
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was focused onto the sample with a 50-cm focal-length
lens. The signals from two photodiodes that measure in-
put and output energies were connected to a computer for
signal averaging and processing. We performed mea-
surements of the signal coming out from the sample sand-
wiched between the polarizer and the analyzer as a func-
tion of b, the angle of the input polarization plane with
respect to the [100] axis of the crystal. For exactly
crossed polarizer and analyzer (setup I), the signal mea-
sures the dependence of the XPW-generation efficiency on
b.18 To study the output polarization state (induced el-
lipticity and nonlinear polarization rotation) we per-
formed extinction curve measurements by introducing
small angular deviations d from the exact crossed position
between the two polarizers (setup II). The two-photon
absorption and its anisotropy were estimated by measure-
ment of the sample transmission for the same ensemble of
b values.

The results of the measurements of the efficiency of
XPW generation by use of setup I at different levels of in-
put intensity are shown in Fig. 3. Maxima of the effi-
ciency for low input energy when g i8A0

2L ! 1 [Fig. 3(a)]
appear at angular positions 22.5° 1 j(p/4) ( j an integer),
consistent with Ref. 5 and the theory described above.
For high input energy the angular distance between two
neighboring maxima is smaller or bigger than 45°, de-
pending on the orientation of the sample. As can be seen
from Fig. 3, the two neighboring maxima close to the
[010] axis appear at an angular distance smaller than 45°
for BaF2 [Fig. 3(c)], whereas for YVO4 this distance is big-
ger than 45° [Fig. 3(b)]. From this fact we conclude that
values of anisotropy s of the x (3) tensor for the two crys-
tals investigated are opposite in sign.

Using setup I, we also measured efficiency as a function
of input pulse energy of XPW generation for the two
samples. At fixed energy the XPW signal from the YVO4
sample was more than an order of magnitude stronger
than the signal from BaF2. As can be seen from Fig. 4,
the dependence of efficiency on the energy of the input
pulse clearly follows a quadratic slope as predicted by the
theoretical analysis presented in Section 2 [Eq. (5)]. At
the highest energy levels, saturation is observed; it is con-
nected with the periodical character of the energy ex-
change between the two orthogonal components. The
different slopes in the initial parts of the curves are a con-
sequence of linear depolarization that most probably is
due to residual stress5 and to intrinsic birefringence.19

As can be seen from Fig. 4, two different samples produce
a big difference in linear depolarization that we can ex-
plain as being due to the different levels of residual
stress.

The highest recorded energy exchange between the two
orthogonal components exceeds 10% and according to our
knowledge is the highest efficiency achieved with single-
beam nonresonant x (3) interaction in a single centrosym-
metric medium. The reason for the good XPW-
generation efficiency is that it is characterized by an
automatically perfect and simultaneous phase- and
group-velocity match along the z axis. The closest result
to our measurements is reported in Ref. 20, where 8%
XPW generation was measured in ZnSe. At the same
time we have to note that recently several experimental

papers reported single quadratic crystal third-harmonic
generation in which the efficiency of third-harmonic gen-
eration is greater than 20%.21–23 In the last case, how-
ever, the process is based on cascaded effective cubic non-
linearity proportional to the product @x (2)x (2)# (for a
review of these papers, Ref. 24).

To estimate the xxxxx
(3) component from YVO4 we used

the following relation, deduced from Eq. (6), that is suit-
able for measurement of relative susceptibility at power
levels far from saturation:

xxxxx
~3 ! ~YVO4! 5

nYVO4

nBaF2

AhYVO4

hBaF2

LBaF2

LYVO4

sBaF2

]YVO4

xxxxx
~3 ! ~BaF2!.

(18)

Fig. 3. Experimentally measured evolution of the signal,
through crossed polarizer and analyzer, as a function of a sam-
ple’s rotation about its [001] axis for two levels of intensity.
Dashed lines, as in Fig. 1, correspond to input polarization par-
allel to the [100], [110], or [010] axis. Solid curves in (a) and (c)
were plotted with theoretical formulas obtained in Subsection
2.A. The dotted curve in (b) is a guide for the eye. (a) YVO4 ,
F8 ! 1 (W in 5 0.7 mJ); (b) YVO4 , F8 . 1 (W in 5 11.5 mJ); (c)
BaF2 , F8 . 1 (W in 5 39 mJ).
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Using the average value of several measurements,
hYVO4

/hBaF2
5 26 6 10%, we obtained xxxxx

(3) (YVO4)
5 (8.2 6 2.1)xxxxx

(3) (BaF2). With the help of published
data for xxxxx

(3) (BaF2) the absolute value of xxxxx
(3) (YVO4)

can be calculated. For example, taking the data pub-
lished in Ref. 25, xxxxx

(3) (BaF2) 5 1.59 3 10222 m2/V2, we
obtained the value xxxxx

(3) (YVO4) 5 113.0 3 10222 m2/V2.
The plus was found from the z-scan test. The badly de-
fined spatial distribution quality of the beam did not al-
low us to perform absolute measurements.

By recording the extinction curves with setup II (as we
described in Ref. 10) we were able to obtain the b and
power dependences for the nonlinear rotation and the in-
duced ellipticity. In Fig. 5 the dependence of b on rota-
tion measured with both samples at energy levels below
the region where saturation begins is shown. It can be
clearly seen from Fig. 5 that the angular position of the
extremum of the nonlinear rotation does not coincide with
the angular position of the maximum of the XPW genera-
tion at the same power levels [see, for comparison, Fig.
3(a)]. Moreover, from the fit with the theoretical model
for d0 the magnitude and the sign of the anisotropy s can
be estimated; by way of illustration, the two experimental
curves in Fig. 5 are compared with the theoretical predic-
tions calculated according Eq. (14) with s 5 21.2 for the
BaF2 sample and with s 5 11 for YVO4 . Similar values
were deduced from the dependence on power of the non-
linear rotation and induced ellipticity. The variations of
the measured nonlinear polarization rotation and induced
ellipticity with increasing input laser energy for the YVO4
sample are shown in Fig. 6. From the initial nonsat-
urated parts of the curves in Fig. 6 and from the same de-
pendences for the BaF2 sample and using Eq. (15), we ob-
tained s 5 11.0 6 10% for YVO4 and s 5 21.15
6 10% for BaF2 . These values are in excellent agree-
ment with the values obtained from Fig. 5; also, the value
for BaF2 is in good agreement with the published value,
s 5 21.08 6 0.10.25

We have described a new, simple single-beam method
for measuring anisotropy s of the x (3) tensor in cubic and
tetragonal crystals, a procedure that can be used as an al-
ternative to the known z-scan scheme.26 The positive

Fig. 4. Variation of the efficiency of XPW generation measured
at b 5 22.5° as a function of input laser energy. Solid curves
are quadratic fits.
value for s in YVO4 is close to the value that has been
measured for CdTe and GaAs at wavelengths that corre-
spond to fundamental photon energy above half of the
bandgap,27 where a resonance change of the sign of s is
expected. We calculated that our fundamental wave-
length (620 nm) corresponds to \v/Eg ' 0.64 for YVO4
and to \v/Eg ' 0.22 for BaF2 .

The fact that nonlinear rotation d0 in the initial part of
Fig. 6 shows a quadratic dependence on input intensity
demonstrates that the effect of nonlinear rotation is due
to the real part of x (3), in accordance with Eqs. (14). If
the nonlinear rotation were due to the imaginary part of
x (3), then the dependence of the nonlinear rotation on in-
tensity would be linear, as one can see from Eq. (17). In-
dependently, the separate measurement of the anisotropy
of Im@x(3)# at W in 5 2 mJ (Ref. 10) ensures that the non-
linear rotation that is due to the imaginary part of x (3) is
an order of magnitude less, a fact that confirms that the
main contributor to the observed nonlinear rotation and
XPW generation is Re@x(3)#. Finally, we point out that

Fig. 6. Variation of the measured nonlinear polarization rota-
tion and induced ellipticity as a function of input laser energy as
obtained with the YVO4 sample. b 5 22.5°. Solid curves are
quadratic and linear fits.

Fig. 5. Experimentally measured nonlinear polarization rota-
tion as a function of a sample’s rotation about its [001] axis for
F8 < 1 for YVO4 (W in 5 4 mJ) and BaF2 (W in 5 15 mJ). The
dashed lines have the same meaning as in Figs. 1 and 3. Solid
curves were plotted with theoretical formulas obtained in Sub-
section 2.A by use of s 5 21.2 for the BaF2 curve and s 5 1 for
the YVO4 curve.
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nonlinear rotations exceeding 8° (as illustrated in Fig. 6)
have been measured in an YVO4 sample.

4. CONCLUSIONS
We have reported in detail our theoretical and experimen-
tal investigation of the nonlinear optical self-interaction
effects that occur when an intense laser light wave propa-
gates along the fourfold axes of centrosymmetric crystals.
YVO4 and other cubic and tetragonal crystals are used as
host crystals for active elements for solid-state lasers.28

BaF2 is one of the best materials for UV optics systems.
Knowledge of the effects described above is therefore im-
portant for avoiding unwanted depolarization in optical
elements made from these materials. Knowledge of the
third-order nonlinearity in these crystals is also essential
for prediction of potential Kerr-lens mode locking or for
avoiding unwanted phase modulation effects. The
polarization-sensitive effects that we describe can facili-
tate measuring the magnitude and the sign of the cubic
nonlinearity tensor’s components and its anisotropy in
crystals. The attractive aspect of the proposed x (3) mea-
surement method lies in the fact that it is a single-beam
technique, with pumping and recording at the same
wavelength.
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