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A nonlinear optical effect in which a linearly polarized wave propagating in a single quadratic medium is converted into a wave that is cross polarized to the input wave is investigated theoretically and observed experimentally in ␤-barium borate crystal. It is proved that this effect is a result of cascading of two different
second-order processes. It starts with the generation of an extraordinary second-harmonic wave by type I
interaction and is followed by type II difference-frequency mixing between the second-harmonic wave and the
ordinary fundamental wave. The experiment was performed (a) for phase-matched type I interaction and
non-phase-matched type II interaction and (b) for non-phase-matched type I interaction and phase-matched
type II interaction. The observed generation of a cross-polarized wave is to our knowledge the only cubic effect whose first manifestation has been observed in quadratic crystal. © 2002 Optical Society of America
OCIS codes: 190.4360, 190.4380, 200.4740, 230.5440.

1. INTRODUCTION
Second-order cascading (SOC) can be formally divided in
two groups. The first is conventional SOC, in which the
effect results from cascading of several subprocesses that
belong to a single quadratic process.1–3 For example, accumulation of a nonlinear phase shift encountered by a
wave at a frequency  associated with type I secondharmonic generation is the result of the cascading of 
⫹  ⫽ 2  and 2  ⫺  ⫽  subprocesses. This type of
SOC is governed by a single phase-matching parameter
⌬k ⫽ k 2 ⫺ 2k 1 that occurs two times. Because of this
SOC, many cubic effects such as nonlinear phase shift,4
pulse compression,5,6 and soliton propagation7–9 can be
observed in quadratic media at lower pump levels than in
centrosymmetric media.
The second type of SOC, frequently called multistep
second-order cascading, involves two different second0740-3224/2002/020268-12$15.00

order processes (TDSOPs), each one of which is characterized by its own phase-matching parameter. Like conventional SOC, cascading of TDSOPs also simulates a thirdorder process. Investigations and experiments with the
objective of obtaining phase-matched third-harmonic generation (THG) in a single crystal10–20 exemplify this possibility. There, THG is the result of cascading of  ⫹ 
⫽ 2  and 2  ⫹  ⫽ 3  processes. Moreover, several
recent investigations predicted that effects based on selfand cross-phase modulation, like the accumulation of
nonlinear phase shifts21,22 and soliton propagation,23–27
also can be observed with cascading of TDSOPs. In processes that deal with cascading of TDSOPs, special attention has been paid to the case in which the interacting
waves involved concern only two frequencies,22,23,28–32
which is frequently called two-color multistep
cascading.22,23 Another frequency-shifting effect, which
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uses more than two frequencies and has important applications in the optical communications industry, is a result
of cascading from  ⫹  ⫽ 2 
and 2  ⫺  a
⫽  b . Obtaining such frequency shifting by use of a
single quadratic crystal33–35 is a significant demonstration of the capability of TDSOP cascading to simulate  ( 3 )
effects with much higher efficiency. In all cases, the cubic effects observed in quadratic media from both types of
cascading reproduce cubic effects that have already been
observed in centrosymmetric media.
The cascade processes described so far involve energy
conversion, nonlinear phase shifts, or both. In this paper
we investigate both theoretically and experimentally another TDSOP cascading effect that deals with polarization manipulation. It corresponds to the generation of a
cross-polarized wave (XPW). According to our knowledge
this multistep effect (for preliminary experimental results
see Ref. 36) was never observed before. Moreover, we believe that it is by now the only cubic effect whose first
manifestation has been observed in a quadratic crystal.
In the process of XPW generation, three degenerate linearly polarized fields carried by the same beam generate,
through an effective cubic nonlinearity, a new wave at the
same frequency but polarized in the plane perpendicular
to the input wave. The nonlinear interaction that we investigate is therefore a direct way to generate a XPW.
The basic idea is totally different from that of all known
linear and nonlinear37–42 methods that deal with polarization rotation. As a matter of fact, the known methods
of polarization rotation are based on a succession of several steps: splitting of an input beam into two beams in
an anisotropic crystal, manipulation of the phase difference of the two beams through the birefringence effect (in
linear optical methods) or accumulation of nonlinear
phase shift (in nonlinear optical methods), and subsequent interferometric recombination of the split incoming
beams.
In the past, the effect of XPW generation as a result of
(3)
(3)
anisotropy of the  ( 3 ) tensor ⌬  ( 3 ) ⫽  xxxx
⫺ 3  xxyy
and
(3)
(3)
nonvanishing  xxxy and  xyyy was considered in a series of
publications by Zheludev and co-workers (see, e.g., Refs.
43–45). This effect, called by them self-induced ellipticity, together with the effect of nonlinear optical polarization rotation described by the anisotropy of the Im (3) and
(3)
of high-order gyrotropy tensor ␥ ijklm
, covers the interesting field known as nonlinear optical activity.43 However,
according to our knowledge, the effect of  ( 3 ) self-induced
ellipticity has not been observed in volume experiments.
This paper is organized as follows: In Section 2 a simplified analysis of the conditions for nonlinear generation
of a XPW is presented. Section 3 contains a moredetailed theoretical analysis, with special attention paid
to the cases when at least one of the processes is phase
matched. Section 4 is devoted to the experimental observation of the generation of a XPW in a ␤-barium borate
(BBO) crystal and to a discussion of the results.

2. BASIC IDEA
The main idea for the generation of a XPW is sketched in
Fig. 1. The polarization plane of the input wave is tuned
in a way such that in the linear regime only one of the two
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Fig. 1. Sketch for generation of a XPW based on cascading of
two different second-order processes: NLC, nonlinear crystal.

allowed eigenwaves, e.g., an ordinary (o) or an extraordinary (e) component, propagates in the quadratic medium.
The overall process used for generating a wave whose polarization vector is perpendicular to the polarization vector of the input wave consists of two steps: secondharmonic generation (SHG) from two identical
fundamental waves and difference-frequency mixing
(DFM) in which the second harmonic (SH) is downconverted back to the XPW at the fundamental frequency.
To illustrate the principle of generation of a XPW, let us
consider the main processes by which this can be done,
neglecting now all possible depletions of the fundamental
and the SH waves. The plane-wave equations that describe the effect of XPW generation, for which the terms
that are responsible for possible losses by depletion and
temporal and walk-off effects are neglected, have the following form:
dA
dz
dS
dz
dB
dz

⫽ 0,

(1a)

⫽ ⫺i  1 A 2 exp共 i⌬k 1 z 兲 ,

(1b)

⫽ ⫺i  2 SA * exp共 ⫺i⌬k 2 z 兲 ⫺ i ␥ AAA * exp共 ⫺i⌬k 3 z 兲 ,
(1c)

where S denotes the complex amplitude of the SH wave
and A and B are the complex amplitudes of the two waves
at the fundamental frequency with mutually perpendicular polarization vectors. Wave A is the input wave, and
wave B is the generated XPW.  1 ⫽ 2  d eff,I step /( 1 n 2 ),
(3 )
 2 ⫽ 2  d eff,II step /( 1 n 1 ), and ␥ ⫽ 6  eff
/(81n1). The
expressions for effective nonlinearities d eff,I step , d eff,II step ,
(3)
and  eff
depend on the class symmetry of the crystal46 and
on the type of process47 used and on the method of phase
matching, e.g., birefringence or quasi-phase matching,
and can be found from application of the following definitions:
d eff,I

step

⫽

d eff,II

step

⫽

3兲
 共eff
⫽

冋 册
冋 册
冋 册
2

具 e2  共 2 兲 :e1A e1A 典

m⬘

2

2

具 e2  共 2 兲 :e1A e1B 典

m⬙

2

2

m

,

,

具 e1B  共 3 兲 :e1A e1A e1A 典 .
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The notation in brackets above has to be applied when
quasi-phase matching (QPM) is used, where m is the order of the QPM interaction.
The wave-vector mismatches are defined as ⌬k 1 ⫽ k 2
⫺ 2k 1A ,
⌬k 2 ⫽ k 2 ⫺ k 1A ⫺ k 1B ,
and ⌬k 3 ⫽ k 1A
⫺ k 1B , where k j are the wave vectors of the waves involved. Note that only two of the wave-vector mismatches are independent, because ⌬k 2 ⫺ ⌬k 1 ⫽ ⌬k 3 .
The last term of Eq. (1c) takes into account the contribution of the direct process of XPW generation that depends
on the inherent cubic susceptibility of the nonlinear medium.
The general solution of Eqs. (1) when S(0) ⫽ 0 and
B(0) ⫽ 0 gives, for wave amplitude B at the output of the
nonlinear medium with thickness L,
B ⫽ 兩A兩2A

再

 1  2 关 exp共 ⫺i⌬k 2 L 兲 ⫺ 1 兴

⫹ ␥ tot

⌬k 1

⌬k 2

关 exp共 ⫺i⌬k 3 L 兲 ⫺ 1 兴

⌬k 3

冎

,

(2)

where ␥ tot ⫽ ␥ ⫺ 12 /⌬k1 . The value of amplitude B depends strongly on the values of phase mismatch parameters ⌬k 1 , ⌬k 2 , and ⌬k 3 . There are four possible situations in which a noticeable XPW signal can be observed
at the output of the crystal. They correspond to specific
phase-matched conditions: (a) ⌬k 1 ⬇ 0, (b) ⌬k 2 ⬇ 0, (c)
⌬k 3 ⬇ 0, and (d) simultaneously ⌬k 1 ⬇ 0 and ⌬k 2 ⬇ 0.
For condition (a) the process of SHG, AA → S, is phase
matched (⌬k 1 ⬇ 0). XPW generation is the result of
cascading from a TDSOP with the first step phase
matched. Taking the limit ⌬k 1 → 0 in Eq. (2) and using
the relation ⌬k 3 ⫽ ⌬k 2 ⫺ ⌬k 1 , we obtain
B 共 ⌬k 1 ⬇ 0 兲 ⫽ ⫺i

 1 2
⌬k 2

兩 A 兩 2 AL

sin共 ⌬k 1 L/2兲
共 ⌬k 1 L/2兲

⫻ exp共 i⌬k 1 L/2 ⫺ i⌬k 2 L 兲

(3)

As we can see from Eq. (3), the process of XPW generation is governed by the effective cascade-type coupling coefficient ␥ casc,1 ⫽  1  2 /⌬k 2 and indicates that the process
is cubic with respect to the input field.
For condition (b) the process of DFM, SA * → B, is
phase matched (⌬k 2 ⬇ 0). XPW generation is the result
of cascading from a TDSOP with the second step phase
matched:
B 共 ⌬k 2 ⬇ 0 兲 ⫽ ⫺i

 1 2
⌬k 1

兩 A 兩 2 AL

sin共 ⌬k 2 L/2兲
共 ⌬k 2 L/2兲

⫻ exp共 ⫺i⌬k 2 L/2兲 .

(4)

The ratio between the intensity of the generated XPW
and the intensity of the non-phase-matched SH wave for
exact phase matching for the second process, ⌬k 2 ⫽ 0, is
兩 B/S 兩 2 ⫽ 兩  2 AL 兩 2 . This result is significant only when
兩  2 AL 兩 Ⰶ 1; otherwise, the generated cross-polarized intensity would be bigger than the SH intensity, a demonstration that the depletion of the SH wave that is due to
the presence of the XPW has to be included.
In expressions (3) and (4), only the contributions of the
phase-matched processes are included. The direct [ ( 3 )

dependent] non-phase-matched cubic process AAA *
→ B is neglected; we take into account that 兩 ␥ /⌬k 3 兩
Ⰶ 兩  1  2 /⌬k 3 兩 L. The proof of this inequality is given in
the description of condition (d) below.
For condition (c) the process AAA * → B is phase
matched (⌬k 3 ⬇ 0):
B 共 ⌬k 3 ⬇ 0 兲 ⫽ ⫺i ␥ tot兩 A 兩 2 AL

sin共 ⌬k 3 L/2兲
共 ⌬k 3 L/2兲

⫻ exp共 ⫺i⌬k 3 L/2兲 .

(5)

This situation is possible only if ⌬k 3 ⫽ k 1A ⫺ k 1B
→ 0. This condition can be fulfilled, for example, in
uniaxial crystals, if the fundamental wave propagates
along the optical axis. At this phase-matching condition,
when the medium is noncentrosymmetric the effect of
XPW generation is a result of interference between the
second-order cascaded cubic term governed by  1  2 /⌬k 1
and the contribution of the direct third-order process governed by ␥. The two terms are of the same order of magnitude: In some crystals the cascaded term is bigger
(see, e.g., Ref. 20); in others, the direct term is bigger (see,
e.g., Ref. 17), and measurement of the efficiency of XPW
generation in this phase-matched condition will in some
cases permit the expression of third-order susceptibility
tensor components in terms of second-order susceptibility
tensor components.10,11,16,18 Centrosymmetric and non(3)
(3)
centrosymmetric crystals with  1111
not equal to 3  1122
(3)
(3)
and nonvanishing  1112 and  1222 tensor components are
suitable for observation of the AAA * → B process with
this phase-matching condition.43 The case ⌬k 3 → 0 is
fulfilled automatically in any direction in cubic crystals
and in biaxial crystals along the axes. The other possibility is to use QPM47 in noncentrosymmetric crystals, creating in the crystal a QPM grating with period ⌳ such
that
⌬k 3
⫽ k 1A ⫺ k 1B ⫹ (2  /⌳) → 0.
For condition (d), both SHG and DFM are simultaneously close to an exact phase-matching condition. For
this case of double phase matching we have
B 共 ⌬k 1 ⫽ 0, ⌬k 2 ⫽ 0 兲 ⫽ ⫺兩 A 兩 2 AL

冉

 1 2
2

冊

L ⫹ i␥ .

(6)

XPW generation is the result of cascading from two
phase-matched second-order processes. The contribution
of the inherent cubic nonlinearity can be neglected because the inequality 兩  1  2 L/2␥ 兩 Ⰷ 1 is well fulfilled. Indeed, taking advantage of the data for  ( 3 ) in BBO that
were published in Ref. 48, one can get 兩  1  2 L/2␥ 兩 ⬇ 15.
In this approximation the efficiency of XPW generation
will depend on the crystal’s length as L4.
We can see that, in all the cases considered here, independently of the phase-matching conditions the amplitude of the XPW follows a cubic law dependence with respect to the input fundamental amplitude. Nevertheless,
this consideration, as will be shown in Section 3, is valid
only up to power levels for which 兩  1 AL 兩 ⬍ 1 and
兩  2 AL 兩 ⬍ 1.
It is clear from a comparison of the previously published treatments10,11,49 of cascade phase-matched THG
in quadratic media and from the simplified analysis pre-

Petrov et al.

Vol. 19, No. 2 / February 2002 / J. Opt. Soc. Am. B

271

Table 1. Schemes for XPW Generation in a Quadratic Medium
Case Designation

Input Wave

Step I SHG

Step II DFM

Equivalent Cubic Interaction

O1a
O2
E1
E2

o
o
e
e

o 1o 1 → e 2
o 1o 1 → o 2
e 1e 1 → o 2
e 1e 1 → e 2

e 2o 1 → e 1
o 2o 1 → e 1
o 2e 1 → o 1
e 2e 1 → o 1

o 1o 1o 1 → e 1
o 1o 1o 1 → e 1
e 1e 1e 1 → o 1
e 1e 1e 1 → o 1

a

Realized in our experiment.

Table 2. Point Groups of Uniaxial Quadratic Crystals in Which Single-Crystal XPW Generation Is Possible

Point Group

Optimal Azimuthal Angle for the Process
o 1 o 1 ⫺ o 2,o 2 o 1 ⫺ e 1

22.5°, 67.5°

Not possible

Depends on ratio d 22/d 31
Depends on ratio d 36/d 31

Depends on ratio d 22/d 31
Not possible

6̄

Depends on ratios d 11/d 31 and d 22/d 31
15°, 45°, 75°
Depends on ratio d 22/d 11

Depends on ratio d 11/d 31 and d 22/d 31
15°, 45°, 75°
Depends on ratio d 22/d 11

6̄m2

15°, 45°, 75°

15°, 45°, 75°

4̄m2
3m
4̄
3
32

a

Optimal Azimuthal Angle for the Processes
o 1 o 1 ⫺ e 2,e 2 o 1 ⫺ e 1 ;
e 1 e 1 ⫺ o 2,o2e1 ⫺ o1;
e 1 e 1 ⫺ e 2,e2e1 ⫺ o1a

We obtain optimal azimuthal angle  by maximizing the product 兩 d eff,I stepd eff,II oee 兩 .

sented here that a similarity exists between the processes
of cascaded single-crystal THG and that of a singlecrystal XPW generation. The difference is that in the
case of THG the second step is sum-frequency mixing instead of DFM. Cascaded THG in  ( 2 ) media can be observed under the same phase-matching conditions as discussed above: ⌬k SH ⫽ k 2 ⫺ 2k 1 ⬇ 0, ⌬k SFM ⫽ k 3 ⫺ k 2
⫺ k 1 ⬇ 0, and ⌬k 3 ⫽ k 3 ⫺ 3k 1 ⬇ 0. We would point
out, however, that in some publications11,20 it is wrongly
stated that cascaded phase-matched THG is not possible
when ⌬k SH ⬇ 0.
Several uniaxial and biaxial crystal point groups can be
host materials for cascaded XPW generation. We have
analyzed uniaxial crystals. Combinations of the two different second-order processes that will generate a XPW in
quadratic uniaxial nonlinear crystals are listed in Table
1. For negative uniaxial crystals (which correspond to
most of the known quadratic crystals used in nonlinear
optics) that utilize birefringence phase matching, only
cases O1 and E2 (Table 1) are possible; for case E2 only,
step II (DFM) can be phase matched. Cases O2 and E1
could be observed with birefringent positive uniaxial nonlinear crystals. So XPW generation will be possible in
crystals that support type I and type II quadratic processes simultaneously; the uniaxial noncentrosymmetric
point groups that are suitable for this type of support are
listed in Table 2. One should judge the optimal polar
angle for simultaneous type I and type II effective nonlinear coefficients. Note however that, of 21 noncentrosymmetric classes, 18 exhibit natural optical activity that
may mask the effect of XPW generation.
Both birefringent phase-matching techniques and
QPM47,50–55 can be used for all methods of XPW generation listed in Table 1.

3. EFFICIENCY OF XPW GENERATION
The simplified analysis presented in Section 2 gives the
overall conditions for nonlinear optical generation of
XPWs but is not accurate for calculation of conversion efficiency in an actual experiment because of the effects of
depletion. In fact, if the first step (SHG) is phase
matched, the depletion of the fundamental wave has to be
taken into account. If the second step is phase matched,
the magnitude of the generated XPW is of the same order
as that of the non-phased-matched SH wave generated in
the first step. Then the depletion of the SH wave has to
be taken into account. General plane-wave equations
are written as (see e.g., Refs. 22 and 32)

A
z

⫽ ⫺ i  1 SA * exp共 ⫺i⌬k 1 z 兲 ⫺i  2 SB * exp共 ⫺i⌬k 2 z 兲 ,
(7a)

S
z
B
z

⫽ ⫺i  1 A 2 exp共 i⌬k 1 z 兲 ⫺i2  2 AB exp共 i⌬k 2 z 兲

(7b)

⫽ ⫺i  2 SA * exp共 ⫺i⌬k 2 z 兲 .

(7c)

In principle, Eqs. (7) should include four different coupling coefficients  i . However, neglecting frequency dispersion for index of refraction n i and  ( 2 ) , which is quite
reasonable for the transparency band of the crystal, we
reduce the number of the independent coupling coefficients to two:  1 and  2 . We have omitted the term involving direct cubic nonlinearity because, as we pointed
out in Section 2, it is important only when ⌬k 3 → 0, a
case not considered here in detail.
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A. XPW Generation with Double Phase Matching
The case when both processes are phase matched is the
most interesting situation from the application point of
view, because in this case we can obtain maximum conversion into a XPW. Theoretically this case was considered by one of the present authors in Ref. 32, where almost 60% conversion was predicted when  2 /  1 ⫽ 1. We
moreover expect that by optimizing the ratio  2 /  1 we
can achieve conversion efficiency close to 100%. It is realistic to plan experiments with both steps phase
matched, as several methods were recently proposed (for
a review see Ref. 51) for simultaneous phase matching of
two quadratic processes. For example, the method suggested in Ref. 52 uses a single quasi-phase-matched grating. Indeed, to achieve double phase matching one can
employ first-order QPM for one of the parametric processes and third-order QPM for the second parametric
process. An example of a quasi-phase-matched grating
designed to generate a XPW in a periodically poled
LiNbO3 sample is given in Ref. 32. Other methods of
double phase matching use nonperiodic quasi-phasematched structures, such as phase reversal quasi-phase
matched53 and periodically chirped quasi-phase
matched54 gratings. The structure made from quasiperiodic optical superlattices13,14,55 that follow Fibonaccitype sequences can be employed for achieving simultaneous phase matching of several processes and therefore
can be used as media for multistep SOC. Double phase
matching in a broad spectral range can be achieved by use
of uniform quasi-phase-matched gratings in a noncollinear geometry.51 A promising environment for multiple
phase matching and multistep cascading is furnished by
two-dimensional nonlinear photonic crystals.56,57 This
type of nonlinear medium has a uniform index of refraction but a periodic two-dimensional variation of the sign
of the second-order nonlinearity. This type of structure
can support simultaneous phase matching of two and
even three second-order nonlinear optical processes.58–60
As we have performed experiments in which we used a
single crystal with birefringence phase matching for one
of the steps, the theoretical analysis that follows is devoted to such cases.
B. Phase Matching for Second-Harmonic Generation
When only the first step,  ⫹  ⫽ 2  , is phase matched,
the intensities of the fundamental and the SH waves are
much bigger than the intensity of the XPW; the influence
of wave B on the fundamental and SH waves can therefore be neglected, and the system of Eqs. (7a) and (7b) can
be solved separately. In conditions of exact phase matching (⌬k 1 ⫽ 0), the SH wave grows according to S(z)
⫽ A 0 tanh( 1A0z), and the fundamental wave amplitude
follows A(z) ⫽ A 0 /cosh( 1A0z). It is clear that, at high
conversion into a SH wave (when 兩  1 A 0 兩 L ⬎ 0.5), the
fundamental wave will be strongly depleted, and this will
reduce conversion into a XPW. This is confirmed by the
analytical formula obtained for the XPW conversion efficiency. By substituting the expressions for S(z) and
A(z) into Eq. (7c) and integrating by parts, we get
兩 B/A 0 兩 2 ⫽

冋

 2 A 0 tanh共  1 A 0 L 兲 sech共  1 A 0 L 兲
⌬k 2

册

2

.

(8)

We show in Fig. 2 the conversion of the fundamental
wave into a XPW as a function of dimensionless input amplitude  1 A 0 L according to Eq. (8). Maximum conversion into a XPW is obtained for input intensities that correspond to a normalized value for  1 A 0 L ⫽ 1.47. It is
interesting to note [Eq. (8)] that the dependence of the
XPW intensity on the intensity of the fundamental wave
is cubic at low input intensities and that this dependency
afterward reaches a saturation level followed by decreasing efficiency owing to strong depletion of the fundamental wave.
For the dependence on conversion of the fundamental
into a XPW with a slight deviation of the first step from
the exact phase matching condition, Eqs. (7) are solved
numerically; results are shown in Fig. 3. It can again be
seen that at very high intensities the conversion into a

Fig. 2. Phase-matched first step. Conversion efficiency for the
SH wave (dashed curve), XPW efficiency magnified 5(⌬k 2 L) 2
times (solid curve), and depletion of the fundamental intensity
(dotted curve) as functions of dimensionless input amplitude parameter  1 A 0 L. Ratio 兩  2 /  1 兩 ⫽ 0.53.

Fig. 3. Phase-matched first step. Conversion efficiency for the
SH wave (dotted curves) and the XPW (solid curves) as functions
of the detuning of the first step from exact phase matching for
two values of the normalized input amplitude: (a)  1 A 0 L ⫽ 1,
(b)  1 A 0 L ⫽ 2. The XPW efficiency is magnified 3(⌬k 2 L) 2
times. Ratio 兩  2 /  1 兩 ⫽ 0.53.
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XPW tends to decline. At high input intensities the tuning curves have a deep peak in the center. The maximum for the XPW signal is not therefore located at the
exact phase matching condition for the first step.
C. Phase Matching for Difference-Frequency Mixing
For phase matching for DFM (⌬k 2 ⬇ 0) the generated
SH wave is non-phase matched. Its amplitude is
⬃兩 ⌬k 1 L 兩 2 times weaker than the fundamental amplitude
(typically 兩 ⌬k 1 L 兩 ⬃ 1000– 10000). The generated XPW
has the same order of magnitude as the fundamental
wave. The generated XPW and SH waves cannot have
serious effects on the fundamental wave. For this reason
it is acceptable to use the approximation of nondepletion
of the fundamental wave, i.e.,  A/  z ⬇ 0. Then Eqs. (7)
can be solved exactly for arbitrary values of ⌬k 1 and ⌬k 2 .
Indeed, Eq. (7) can be transformed into two separate
second-order equations for waves S(z) and B(z):

冉
冉

2
z

2

⫹ i⌬k 2


z

冊

⫹ 2  22 A 2 B 共 z 兲
⫽ ⫺ 1  2 A 3 exp共 ⫺i⌬k 3 z 兲 ,

2
z

2

⫺ i⌬k 2


z

(9)
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It is interesting to note that the ratio between the nonphase-matched SH intensity and the XPW intensity is
constant. Indeed, besides exact phase matching for the
second step, where 兩 ⌬k 2 兩 ⬎ 兩  2 A 0 兩 , we can obtain
兩 S 2兩 ⬇ 4

 12 A 04
⌬k 12

sin2

冉

1
2

冊

⌬k 1 L .

(14)

Comparing formulas (13) and (14), we can see that at
the output of the crystal the ratio 兩 S/B 兩 2 ⫽ 8 does not depend on pump intensity or on phase mismatch ⌬k 1 (this
result is obtained when the two sine curves are taken at
their maxima).
In Fig. 4 the theoretical angular dependencies for the
XPW and the non-phase-matched SH intensities are
shown for three levels of input power. The curves were
plotted with the parameters of the experiment performed
in a BBO crystal as described in subsection 3.D below.
⌬k 2 ⫽ 0 corresponds to phase-matching angle  PM . It
has to be noted that the change of angle  causes changes
in both ⌬k 1 and ⌬k 2 phase-matching parameters. This
is the reason for the fringe behavior of the non-phase-

冊

⫹ 2  22 兩 A 兩 2 S 共 z 兲
⫽ ⫺ 1 ⌬k 3 A 2 exp共 i⌬k 1 z 兲 .

(10)

Details of the derivation of Eqs. (9) and (10) are presented
in Appendix A. Using S(0) ⫽ 0, B(0) ⫽ 0 and A(0)
⫽ A 0 as initial conditions, we find that the solutions of
Eqs. (9) and (10) give, for conversion efficiencies  B
⫽ 关 B(L)/A 0 兴 2 and  S ⫽ 关 S(L)/A 0 兴 2 , respectively,
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where the following notation has been used:
Q
⫽ ⌬k 1 ⌬k 3 ⫹ 2  22 A 02 , q ⫽ (⌬k 22 ⫹ 8  22 A 02 ) 1/2, ␦ k ⫽ 2⌬k 1
⫺ ⌬k 2 , and T ⫽ ⌬k 2 ⌬k 3 ⫹ 4  22 A 02 .
Equations (11) and (12) can be simplified for exact
phase matching for the second step (⌬k 2 ⫽ 0) and when
兩 ⌬k 1 兩 Ⰷ 兩  2 A 兩 ; this second condition was well fulfilled in
our experiment (⌬k 1 ⫽ ⫺8900 cm⫺1 ). Then, neglecting
small-amplitude oscillating terms in Eqs. (11) and (12),
we get
兩 B 2兩 ⬇

1  12 A 4
2 ⌬k 12

sin2 共 冑2  2 兩 A 0 兩 L 兲 .

(13)

This type of formula was obtained previously [see Ref.
15, Eq. (3)] for cascading THG in a  ( 2 ) crystal, again
demonstrating the similarity of the process of cascading
XPW generation and cascading THG.

Fig. 4. Phase-matched second step. Theoretical predictions for
XPW conversion efficiency,  B ⫽ I B /I A (darker curves) and SH
signal, I SHG /I A (lighter curves) for deviation ⌬ about the PM
angle for type II SHG for three input intensities. Ratio
兩  2 /  1 兩 ⫽ 0.53; length of the BBO crystal, L ⫽ 1.5 mm. The
curves for the conversion into SH wave S are divided by 8.
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Table 3. Parameters of BBO Crystal Used for XPW Generationa
Point group
Transparency range
Linear absorption coefficient at 532 nm
d (2) coefficients at 850 nm
 (3) coefficient at 850 nm
Type I SHG interaction
Length of crystal
Effective nonlinearity in phase-matching direction
Phase matching and azimuthal angles
Calculated refractive indices
Calculated spectral width of the phase-matched curve (FWHM)
Calculated internal angular width of the
phase-matched curve (FWHM)
Walk-off angle
Aperture length
Group-velocity delay
Nonstationary length
Type II SHG interaction
Length of crystal
Effective nonlinearity in phase matching direction
Phase matching and azimuthal angles
Calculated refractive indices
Calculated spectral width of the phase-matched curve (FWHM)
Calculated internal angular width of the
phase-matched curve (FWHM)
Walk-off angles
Aperture lengths
Group-velocity delays
Nonstationary lengths

a

Pump wavelength, 620 nm.

3m negative uniaxial crystal
0.189–3.5 m
0.01 cm⫺1
d 22 ⫽ 2.3 pm/V, d 31 ⫽ 0.04 pm/V
 (3) ⫽ 3.3 ⫻ 10⫺22 m2 /V2
1 mm
d eff,ooe ⫽ d31 sin  ⫺ d22 sin(3)cos 
 PM ⫽ 38.83°,  ⫽ 15°
n o,620 ⫽ n e,310 ⫽ 1.6679273
⌬ PM ⫽ 1.5 nm
⌬  PM ⫽ 0.12°

 ⫽ 4.62°
L a ⫽ d/  ⫽ 2.46 mm
 1o⫺2e ⫽ 378 fs/mm
L  ,1o⫺2e ⫽  /  1o⫺2e ⫽ 0.264 mm
1.5 mm
d eff,eoe ⫽ deff,oee ⫽ d22 cos(3)cos2 
 PM ⫽ 58.33°,  ⫽ 15°
n e,610 ⫽ 1.58006, n e,310 ⫽ 1.62399
⌬ PM ⫽ 1.1 nm
⌬  PM ⫽ 0.16°

 1o⫺1e ⫽ 3.62°,  1o⫺2e ⫽ 4.01°
L a,1o⫺1e ⫽ 3.2 mm, L a,1o⫺2e ⫽ 2.9 mm
 1o⫺2e ⫽ 172 fs/mm,
 1e⫺2e ⫽ 488 fs/mm,
⫽ 316 fs/mm
L  ,1e⫺2e ⫽ 0.21 mm,
L  ,1o⫺2e ⫽ 0.58 mm,
⫽ 0.32 mm

 1o⫺1e
L  ,1o⫺1e

Based on the data from Refs. 46, 48, and 61.

matched SH signal. One can see the depletion of the SH
signal when a XPW is generated about phase-matching
angle  PM for type II SHG. The theoretical phasematched curves are slightly asymmetrical. One can also
notice a broadening of the curves with increasing input
amplitude.
D. Comparison of the Scheme with Phase-Matched
Second-Harmonic Generation and the Scheme
with Phase-Matched Difference-Frequency Mixing
For the scheme with the first step phase matched (⌬k 1
⫽ 0), the saturation intensity is defined by the condition
I ⬇ I cr,1 , with I cr,1 ⬇ 1.5( 0 cn/2 12 L 2 ). In contrast, the
conversion efficiency into the XPW in the scheme with the
second step phase matched (⌬k 2 ⫽ 0) does not saturate;
for input intensities I ⬍ I cr,2 with I cr,2 ⬇  0 cn/4 12 L 2 the
XPW efficiency grows with quadratic law, and above this
critical intensity the efficiency growth is linear. For
the parameters of the BBO experiment described in Section 4 (see also Table 3), I cr,1 ⫽ 8 GW/cm2 and I cr,2
⫽ 6.6 GW/cm2. The conversion efficiency is proportional
to (⌬k 2 L) ⫺2 when the first step is phase matched and to
(⌬k 1 L) ⫺2 when the second step is phase matched. That
is why the choice of interactions with smaller mismatch
for the non-phase-matched step is essential.
It is interesting to compare analytically the efficiency of
the generation of XPW for various phase-matching condi-

tions. We obtain the ratio 兩 B 2 /B 1 兩 2 of XPW intensity for
⌬k 2 ⫽ 0 versus XPW intensity for ⌬k 1 ⫽ 0 by combining
formulas (8) and (13):

兩 B 2 /B 1 兩 2 ⫽

冋

1 ⌬k 2  1 cosh共  1 A 0 L 兲
2 ⌬k 1  2 tanh共  1 A 0 L 兲

册

2

.

(15)

At high values of 兩  1 A 0 兩 L and comparable values for
⌬k 1 and ⌬k 2 , XPW generation with the second step
phase matched [condition (b)] is much more efficient. Indeed, in this limit ( 兩  1 A 0 兩 L Ⰷ 1) Eq. (15) becomes
兩 B 2 /B 1 兩 2 ⫽

冉

⌬k 2  1
⌬k 1  2

冊

2

exp共 2 兩  1 A 0 兩 L 兲 .

4. EXPERIMENTAL RESULTS AND
DISCUSSIONS
For practical realization of a specific phase-matching condition for a XPW generation, we first used a BBO crystal
cut for type II SHG (e 1 o 1 → e 2 ) phase matching at the
fundamental beam wavelength,  1 ⫽ 620 nm. We recall
that e 1 o 1 → e 2 and e 2 o 1 → e 1 geometries are bound by
the same phase-matching constraints. Generation of a
XPW is the result of the cascading case labeled O1 in
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Table 1. Taking into account that in BBO crystal d 15
Ⰶ d 22 , 61 we can write the effective nonlinearities for
type I and type II SHG as
d eff,ooe ⬇ ⫺d 22 sin共 3  兲 cos  ,

(16)

d eff,oee ⫽ d 22 cos共 3  兲 cos  .

(17)

2

The value of azimuthal angle  (  ⫽ 15°) was chosen
to maximize the product d eff,ooedeff,oee and therefore ensure
simultaneous action of the two steps.
The experimental setup is shown in Fig. 5. The parameters of the BBO samples used in the experiments are
listed in Table 3. The input beam at  1 ⫽ 620 nm was
produced by a colliding-pulse mode-locked dye system.
The laser pulses used had the following parameters: duration, ⬃100 fs; energy, as much as 5 mJ, repetition rate,
10 Hz. The laser beam was focused with a lens ( f
⫽ 1.5 m) that produced in the plane of the crystal a spot
with r ⫽ 0.2 mm. To avoid depolarization in the crystal
we tuned the input polarization (o wave) perpendicularly
to the plane formed by the fundamental wave vector and
the optical axis of the BBO crystal. In this way, the extinction ratio of the system polarizer–BBO crystal–
analyzer, measured at relatively low input power, reduces
to R X (0) ⫽ I bg /I o,in ⫽ 6 ⫻ 10⫺6 , where I bg corresponds to
background intensity. At the output of the crystal we
also detected a non-phase-matched SH signal that was
decreasing with increasing angle . Although the SH signal was non-phase matched, Maker fringes were not observed. When angle  (the angle between wave vector k
and the crystal axis) is tuned to  PM ⫽ 58.33°—the exact
phase-matching value for e 2 o 1 → e 1 and e 1 o 1 → e 2 —no
additional SH signal can be detected: This is an additional check that only one ordinary, polarized wave is entering the crystal. From these initial conditions, an increase of the input power led to a worsening of the
extinction ratio R X (I o,in) ⫽ R X (0) ⫹ R NL(I o,in), an indication that a new signal, polarized perpendicularly to the
input wave, is generated by a nonlinear optical process in
the crystal. In Fig. 6 the increase of the extraordinary
component of the signal (I e,out ⫺ I bg) at the output of the
system polarizer–BBO crystal–analyzer is shown as a
function of the input intensity.

Fig. 5. Experimental arrangement: NDF, neutral-density filters; L’s, lenses; P, polarizer; RT, three-axis rotational table; A,
analyzer; C, color filter; PD’s, photodiodes.

Fig. 6. Dependence of XPW signal (I e,out ⫺ I bg) on intensity of
the input pump. Solid curve, quadratic fit to the experimental
points that are recorded for I o,in ⬍ 350 GW/cm2.

Special attempts have been made to define the power
law of the generated XPW signal. The corresponding experimental curve is shown in Fig. 6. Formula (13) reveals that at low input intensity, when 兩  2 A 兩 L Ⰶ 1, the
intensity of wave B has a cubic dependence on the fundamental wave intensity:
B ⬀ (  1  2 /⌬k 1 )A 3 L.
At
higher input intensities, when 兩  2 A 兩 L ⬎ 1, the dependence becomes quadratic. As a reference, for a BBO crystal, 兩  2 A 兩 L ⫽ 1 corresponds to an input intensity of 13.2
GW/cm2 when the relevant second-order component has a
value d 22 ⫽ 2.3 pm/V (Ref. 61) and the crystal length is
0.15 cm. Our experimental investigation of the dependence of XPW intensity on pump input intensity (Fig. 6)
shows a quadratic dependence that is in good accordance
with the prediction of formula (13). A similar experimental observation of a quadratic dependence for a cubic process is reported in Ref. 15, whose authors investigated
THG in a single quadratic crystal.
The reason that we could not explore the range for
which 兩  2 A 兩 L ⬍ 1 is the presence of linear depolarization
in the system polarizer–BBO crystal–analyzer. With
specially chosen high-quality polarizers we expect a decrease in the magnitude of the extinction ratio; then the
region of cubic dependence of this effect can be detected.
The other possibility to explore the range 兩  1 A 0 兩 L ⬍ 1 is
to use crystals with higher nonlinearities.
The maximum efficiency of the generated XPW that is
achievable for input intensities that are close to the damage threshold of the BBO crystal (500 GW/cm2) was measured to be R NL ⫽ 1.8 ⫻ 10⫺5 . At 500 GW/cm2 and for
兩  1 A 兩 L ⫽ 12 and L ⫽ 0.15 cm, formula (13) predicts a
conversion efficiency into a perpendicular component
equal to 4 ⫻ 10⫺5 , that is, twice bigger than the experimental measured efficiency. This agreement between experiment and theory can be considered a good one if one
recalls that the theoretical analysis described in Section 3
has not taken into account either temporal and walk-off
effects or possible losses.
We measured simultaneously both a XPW at fundamental frequency and SH signals when the crystal was
tuned in a  range from 56° to 60°. As expected, the magnitude of the XPW was sensitive to the deviation ⌬  PM
⫽  ⫺  PM from the exact phase-matching angle. Results of these recordings are shown in Fig. 7. It can be
clearly seen that the non-phase-matched SH signal that
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results from (o 1 o 1 → e 2 ) goes through a minimum at the
angle of maximum XPW signal. This behavior, predicted
by the theory, corresponds to depletion of the non-phasematched SH wave that is due to the generation of the
XPW. Moreover, as can be seen from the theoretical (Fig.
4) and the experimental (Fig. 7) curves, the general decrease of the non-phase-matched SH signal with increasing angle  is related to the decrease in the coherence
length for non-phase-matched type I SHG in the first step
of this cascading interaction; in fact, an increase in  for
this process leads to an increase in the wave-vector mismatch. We have also plotted in Fig. 7 the SH intensity
obtained with type II SHG measured separately when the
two eigenpolarizations are present in the BBO crystal
(e 1 o 1 → e 2 ). The maximum of the XPW signal coincides
with angle  PM at which type II SHG is expected to be
maximal. This identical position is an additional support
of our conclusion that the observed XPW signal results
from cascading of two different second-order processes
(o 1 o 1 → e 2 and e 2 o 1 → e 1 ).
In contrast to the theoretical prediction (Fig. 4), the experimental dependence of the SH wave intensity on the
deviation ⌬  PM (Fig. 7) does not contain Maker fringes.
We remind the reader that in the system of differential
equations used for the theoretical analysis presented in
Section 3 the terms connected with the temporal and the
spatial walk-off effects have been omitted; i.e., the theoretical analysis is valid for the cw plane-wave approximation when L Ⰶ l nst (l nst is the figure of merit for the effects
caused by temporal walk-off) and L Ⰶ l a (l a is the figure
of merit for the effects caused by the spatial walk-off). In
fact, as one can see from Table 3, the nonstationary
lengths l nst were smaller than the lengths of the crystals
used, and obviously temporal walk-off effects cannot be
neglected. At L ⬎ l nst the group-velocity mismatch effect
tends to wash out the fringe pattern.62
The influence of the input power and length of the BBO
crystal on the width of phase-matched curve ⌬  PM is illustrated in Fig. 8. A decrease in the BBO crystal’s
length at fixed input power leads to an increase of ⌬  PM .
This behavior has its confirmation in our theoretical investigation. As can be seen from Fig. 8, a decrease in the

Fig. 7. Experimentally measured XPW signal and non-phasematched SH signal as a function of the deviation ⌬ from the
phase-matched angle for type II SHG. Input power for these
two curves, I o,in ⬇ 300 GW/cm2. The lowest curve, taken with
I o,in ⬇ 30 GW/cm2, represents a phase-matched type II SHG signal measured in a separate experiment when the input polarizer
was misaligned (both o and e waves enter the BBO crystal).

Petrov et al.

Fig. 8. Normalized XPW signal for three different sets of input
power and crystal length.

Fig. 9. Experimentally measured XPW signal and attenuated
phase-matched SH signal as functions of deviation ⌬ from the
phase-matched angle for type I SHG. Input power, I o,in
⬇ 350 GW/cm2.

input power results in a decrease of ⌬  PM , in accordance
with the predictions from Eq. (11), as illustrated in Fig. 4.
As can be seen from relation (13), conversion efficiency
of the fundamental wave into a XPW depends strongly on
the magnitude of phase-mismatch parameter ⌬k 1 . For
the BBO experiment reported here, the magnitude of ⌬k 1
was dramatically high (⌬k 1 ⫽ 8900 cm⫺1), and this was
the main reason for the low efficiency of conversion into a
XPW. We have calculated that the same experiment performed in the infrared spectral region would yield a conversion efficiency 2 orders of magnitude higher. Of
course, the best approach to achieving high conversion
into a XPW is to use one of the methods for simultaneous
phase matching for both second-order processes discussed
in Subsection 3.A.
The experiment for measuring the effect of XPW generation with the first step phase matched was performed
with a 1-mm-long BBO crystal cut for type I SHG,  PM
⫽ 38.9°, and azimuthal angle  ⫽ 15°. The signal in
this case was weaker than in the case of XPW generation
in crystals cut for type II SHG. The angular dependence
of the XPW signal is shown in Fig. 9. It can be seen to be
qualitatively in agreement with the prediction shown
in Fig. 3. We attribute the observed asymmetry to the interference between the generated XPW and the depolarized fundamental component at the input face of the
crystal.
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5. CONCLUSION
We have described theoretical and experimental investigations of phase-matched cross-polarized wave generation resulting from the simultaneous action of two different second-order processes in a single nonlinear medium.
This four-wave mixing is fully degenerate in frequency
but is nondegenerate with respect to the polarization
state of the interacting waves. Like other cascading processes observed in quadratic media, the generation of a
cross-polarized wave simulates a third-order process that
is likely to be observed in centrosymmetric media.
We believe that the experimental and the theoretical
work reported here will stimulate similar experiments
with periodically poled media for which the efficiency
would be much higher. In fact, effective nonlinearities in
periodically poled LiNbO3 and LiTaO3 crystals are ⬃1 order of magnitude higher than the effective nonlinearity of
the ␤ -BaB2O4 crystal used in the present experiment.
If we do not restrict ourselves to single nonlinear medium, it is possible to generate efficient XPW in two nonlinear media, the first of them designed for phasematched type I SHG and the second for phase-matched
type II difference-frequency mixing. Each medium can
be optimized separately for maximum efficiency (it is not
necessary that the chosen media simultaneously support
both processes, as it is in the case of a single-crystal device; therefore two different crystals can be used). The
theoretical description is similar to the description of
third-harmonic generation with two crystals. A double
quasi-phase-matched grating structure upon a single
substrate63 is also a possible design for a double phasematched device for efficient XPW generation.
All-optical switching and optical limiting could be some
possible applications of the double phase-matched devices
designed for efficient XPW generation.
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