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Polarization rotation induced by cascaded
third-order processes
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Intensity-dependent polarization rotation that results from the simultaneous action of two third-order pro-
cesses, self-phase modulation and four-wave mixing, is observed. The effect is recorded along the fourfold
axis of a YVO4 crystal. The angle of rotation is proportional to the square of the input intensity –crystal
length product. This is to the authors’ knowledge the first experimental evidence showing that intensity-
dependent polarization rotation can be related to the real part of cubic susceptibility. © 2002 Optical Society
of America
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In general, light propagating through a nonlinear
medium experiences induced azimuth rotation (IAR)
and induced ellipticity (IE).1,2 If we restrict ourselves
to nonlinear changes in the polarization state of
nongyrotropic crystals, we can find in the literature1 – 6

experimental and theoretical investigations that show
that IAR is proportional to the imaginary part of
x�3� anisotropy, whereas IE is due to the real part
of x �3� anisotropy. On the basis of phase trajectory
analysis, Dykman and Tarasov7 showed that IAR can
be observed also in nondissipative cubic crystals.

In this Letter we demonstrate, using a single-beam
scheme, that at a high intensity level the real part of
the cubic susceptibility is responsible not only for IE
but also for induced changes in the polarization direc-
tion. The effect is interpreted in terms of cascaded
third-order processes.

The experiment was performed with a single beam
that propagates along the z axis of an yttrium vana-
date �YVO4� crystal. This crystal belongs to the
4�mmm symmetry point group, its z axis has four-
fold symmetry, and it has no linear optical activity.
The setup consists of a colliding-pulse mode-locking
dye laser (maximum energy, 2 mJ; duration, 100 fs;
frequency, 10 Hz; wavelength, 620 nm), an input
polarizer, a 0.5-mm, (001)-cut YVO4 crystal, and
an output analyzer. The laser beam was focused
on the sample with a 30-cm focal-length lens. The
signals from two photodiodes, which measure input
and output energies, are connected to a computer for
signal averaging and processing. We measured the
signal coming out of the sample sandwiched between
the polarizer and the analyzer as a function of b, the
angle of the input polarization plane with respect to
the [100] axis of the crystal. For a polarizer and
an analyzer that exactly cross, the signal measures
the angle-dependent efficiency of the generation of
cross-polarized waves (CPWs).8 To study the output
polarization state (consecutive to IE and IAR) we per-
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formed extinction curve measurements by introducing
small angular deviations d from the exact crossed
position between the two polarizers. To analyze the
sign of ellipticity we introduced a l�4 quartz plate with
its c axis parallel to the input polarization in front of
the analyzer. Furthermore, two-photon absorption
and its anisotropy were estimated by measurement of
the sample transmission for the same ensemble of b

values.
The results of measuring the efficiency of XPW

generation with a crossed polarizer and analyzer
are shown in Figs. 1(a) and 1(b). Figure 1(a) shows
the XPW rotational dependency. The maximum
efficiency is at angles b � mp�4 (m an odd number),
consistently with the discussion in Ref. 5 and the the-
ory described below. Figure 1(b) shows the quadratic
intensity dependence of the XPW efficiency as mea-
sured at one of these maxima. Note that the XPW
efficiency achieved is 1.2%, i.e., 3 orders of magnitude
higher than in the experiments with x �2�:x �2� cascaded
XPW generation in a b-barium borate crystal.8 The
reason for the good XPW efficiency in the YVO4 ex-
periment described here is the simultaneous matching
of the wave vectors and group velocities along the z
axis. With a longer crystal sample we can expect
even higher XPW efficiency.

Typical results of extinction curve measurements
are shown on Fig. 1(c) for three input intensities.
The solid curves are parabolic f its of the type
Y � C1�d 2 d0�2 1 C2. The parameter d0 is a
measure of the IAR angle, and jej �

p
C2�C1 is

a measure of the modulus of IE. For the curve
recorded at 0.96-mJ input energy the fit gives
d0 � 18.7 mrad and jej � 64 mrad, and for the
curve recorded at 1.83-mJ input energy the f it gives
d0 � 130 mrad and jej � 122.5 mrad. The esti-
mated accuracy for these parameters is 95%. An
additional test with a l�4 plate proved that e , 0.
Changes of angle b in increments of 1p�4 or 2p�4
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Fig. 1. (a) Evolution of a signal, through a crossed
polarizer and analyzer, as a function of rotation of an
YVO4 sample about its c axis. The vertical lines mark
the angles where the input polarization is parallel to the
[100], [110], or [010] axis. Dashed curve, a f it to the
experimental points according to predictions of Eq. (6).
(b) Variation of eff iciency h � jBj2�jAoj

2 as a function of
input laser energy. The solid curve is a quadratic fit.
(c) Analysis of the output signal (normalized to input
intensity) with respect to angular detuning of the analyzer
for three input energies E. Zero position corresponds to
an exactly crossed polarizer and analyzer. Solid curves
are parabolic f its according to relations (3).

lead to changes of sign for both e and d0. The
increase of the IE with input intensity is linear, in
agreement with the theory.2,3 If the observed IAR
were the result of anisotropy in two-photon absorption,
the intensity dependence of d0 would also be linear.
Therefore we applied the procedure described in Ref. 9
to measure the amount of anisotropy of two-photon
absorption. The result was 0.01 6 20% �0.02 6 20%�
for an input energy of 0.96 mJ �1.83 mJ�. On the
basis of these data, we estimated that the IAR that
is due to the anisotropy of the imaginary part of the
cubic nonlinearity should be d0 � 2 mrad (4 mrad),
far from the measured induced values of 8.7 mrad
(30 mrad). In fact, measured IAR shows a quadratic
dependence on input intensity, in great contrast to
previous experiments.4

To describe the effect of IAR, let us consider, in the
slowly varying envelope approximation, plane-wave
propagation equations, neglecting linear absorption
and choosing a coordinate system defined by the
directions of the crossed polarizer and analyzer. The
equations for self-phase modulation of copolarized
component A and generation of XPWs with amplitude
B, on the condition that jBj ,, jAj (i.e., if the possible
effect on cross-phase modulation of wave A caused by
the presence of wave B and self-phase modulation of
wave B are neglected), are

dA�dz � igjjjAj2A , dB�dz � ig�jAj2A , (1)

where gjj � g0�1 2 �s�2�sin2�2b�� and g� �
2g0�s�4�sin�4b�, g0 � �6p�ln�x�3�

xxxx, and s is
the anisotropy of the x �3� tensor.1,10 In general,
gjj � gjj

0 1 igjj
00 and g� � g�

0 1 ig�
00. The solution to

the system of Eqs. (1) with the initial conditions that
B�0� � 0 and A�0� � A0 �A0 real� is

A � A0 exp�igjjA0
2L� , (2a)

B � A0�g��gjj� �exp�igjjA0
2L� 2 1� . (2b)

Angle position d0 of the main ellipse axis and
ellipticity angle e can be found by use of the
equations11 tan�2d0� � 2 Re�G���1 2 jGj2� and
sin�2e� � 2 Im�G���1 1 jGj2�, with complex pa-
rameter G � B�A. Alternatively, we may project
the total output f ield �A, B� onto the polarization
plane of the analyzer that has deviated from the
crossed position by angle d. The projected field is
s�d� � 2A sin�d� 1 B cos�d�. Let us neglect for a
moment g�

00 and gjj
00. Then the signal after the

analyzer, S�d� � js�d�j2�A0
2, will be

S�d��
∑
d 2

2g�
0 sin�gjj

0A0
2L�2�2

gjj
0

∏2

1

∑
g�

0 sin�gjj
0A0

2L�
gjj

0

∏2
. (3)

Equation (3) is derived with the assumption that the
angle d, gjj

0A0
2L, and g�

0A0
2L are small. The second

term in expression (3) yields directly the square of el-
lipticity e2; the f irst term yields the IAR that is due to
the real components of x �3� tensor. We obtain

d0 � 1/2g�
0gjj

0A0
4L2, e2 � �g�

0A0
2L�2. (4)

A general analysis with complex x �3� components gives

d0 � 2g�
00A0

2L 1 1/2 �g�
0gjj

0 2 g�
00gjj

00�A0
4L2, (5a)

e2 � �g�
0A0

2L 1 1/2 �g�
00gjj

0 1 g�
0gjj

00�A0
4L2�2. (5b)

It is clear from relations (4) and (5) that the IE
depends linearly on input intensity, whereas
the IAR has a quadratic dependence when the
anisotropy of the two-photon absorption, which
is proportional to g�

00, is small. Comparing re-
lation (3) and the f its of the extinction curves
shown in Fig. 1(c), we got for input energy 0.96 mJ
�1.83 mJ� that g�

0A0
2L � 20.063 �20.123� and

gjj
0A0

2L � 20.270 �20.49�.
For a polarizer and an analyzer that cross exactly

�d � 0�, from Eqs. (2) we obtain for the efficiency of
XPW generation h � jBj2�jA0j

2

h�2g��gjj�2sin2�gjjA0
2L�2� . (6)
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This expression for h explains the eightfold experi-
mental dependence of the XPW generation shown in
Fig. 1(a). Indeed, for jgjjA0

2Lj ,, 1, Eq. (6) becomes
h � jg�j

2A0
4L2, and we note that h depends on the

modulus of g� and on the square of intensity. The
fit to the experimental points shown in Fig. 1(b) gives
for energy 0.96 mJ �1.83 mJ� the value jg�A0

2Lj �
0.064 �0.121�. The agreement between the value for
jg�A0

2Lj obtained from the intensity curve for XPW
generation and the value for g�

0A0
2L found from the

extinction curves is additional proof that the imagi-
nary part of g� is really small.

From relations (4) we see the role of the cas-
cade processes. The expression for IAR angle d0 is
proportional to x�3�:x �3�. The reason for cascaded ro-
tation lies in the fundamental beam self-phase modu-
lation effect experienced by fundamental wave A. At
high input intensities the phase shift between B and
A will be different from p�2 and will be intensity
dependent: arg�G� � �p 2 gjjA0

2L��2, which will lead
to a complex value of G and consequently to IAR. It
is the cascading of eff icient nonlinear self-phase modu-
lation of the fundamental wave and the generation
of a cross-polarized wave by four-wave mixing that
cause the IAR. The effect described can be observed
along crystallographic axes of cubic crystals or along
the Z axes of tetragonal crystals. The condition
for observing the effect is that g�

00 be small in com-
bination with relatively high input intensity, such
that g�

00��g�
0gjj

0A0
2L� ,, 1. This condition is easy

to satisfy when the fundamental photon energy is
below half of the bandgap. In our experiment the
fundamental photon energy is near the edge of half of
the bandgap and the above inequality is well fulf illed
because of the high intensity used.

The effect of x �3�:x �3� cascaded IAR is unique. This
is not just a simple imitation of the effect of x �5�.
Indeed, if we consider nonlinear interaction owing
to the real part of the inherent x �5� components, the
result will be an additional contribution to the IE
but not to the IAR. Therefore, in contrast to most
of the cascaded third-order effects (such as cascaded
high-harmonic generation,12 cascaded six-wave mix-
ing,13 – 15 and cascaded nonlinear phase shifts16) the
effect of cascaded nonlinear polarization rotation
reported here has no x �5� analog.

Knowledge about this effect is important for avoid-
ing unwanted depolarization effects. For example,
YVO4 is known to be an active element for solid state
lasers. Also, this effect can be used for measur-
ing the magnitude and the sign of the components
and therefore of the anisotropy of the tensor x �3�.
The attractive aspect of such a method lies in its
single-beam technique, with pumping and recording at
the same wavelength; also, the measurement is based
on recording values of angle rotation. However, if the
cubic nonlinearity is known, measurement of the IAR
angle can be used for calculating the intensity of the
beam. Finally, polarization-switching devices similar
to those proposed in Ref. 1 can be designed.
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